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Motivation & Goals

Development of  z-scaling approach for description 

of production processes with various particles in inclusive reactions 

and verification of self-similarity principle 

The approach can be used to study      
➢   Symmetry of constituent interactions at small scales

➢   Origin of flavor, spin,… 

➢   Similarity and difference of u,d,s,c,b,t quark fragmentation

➢   Strangeness as a probe to search for new physics

➢   Phase transitions in pp, pA and AA systems 

z-Scaling as a tool in high energy physics

Search for new symmetries in Nature 

Systematic analysis of  inclusive cross sections of particle production  

in pp, pA and AA collisions to search for general features of constituent 

structure, interaction and fragmentation over a wide scale range

Some results of data analysis obtained in pp and AA collisions

  at U70, ISR, RHIC, Tevatron, LHC 
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There exists a symmetry inherent to them:

Symmetry with respect to structural degrees of freedom - structural relativity. 

"Fundamental symmetry principles dictate the basic laws 

  of physics, control the structure of matter and  define the

 fundamental forces in nature." 

Leon M. Lederman

“…for every conservation law there must be a continuous  symmetry....” 

  Emmy Nöether

4

The concepts of symmetry and invariance, play a large

  role and, it appears, an increasing role in physics. 

Eugene P. Wigner

“Scaling” and “Universality” are concepts developed 

   to understand  critical phenomena. 

                                       Harry E. Stanley, Grigory I. Barenblatt,…

Scaling (power-type) laws reveal the fundamental property of the phenomena--

self similarity. Self-similar (scaling) phenomena repeat themselves in time and/or 

space. The property of self-similarity simplifies substantially the mathematical 

modeling of phenomena and its analysis--experimental, analytical and 

computational. The book begins from a non-traditional exposition of dimensional 

analysis, physical similarity theory and general theory of scaling phenomena. 

Classical examples of scaling phenomena are presented. It is demonstrated that 

scaling comes on a stage when the influence of fine details of initial and/or 

boundary conditions disappeared but the system is still far from ultimate 

equilibrium state (intermediate asymptotics). It is explained why the dimensional 

analysis as a rule is insufficient for establishing self-similarity and constructing 

scaling variables. Important examples of scaling phenomena for which the 

dimensional analysis is insufficient (self-similarities of the second kind) are 

presented and discussed. A close connection of intermediate asymptotics and 

self-similarities of the second kind with a fundamental concept of theoretical 

physics, the renormalization group, is explained and discussed. Numerous 

examples from various fields--from theoretical biology to fracture mechanics, 

turbulence, flame propagation, flow in porous strata, atmospheric and oceanic 

phenomena are presented for which the ideas of scaling, intermediate 

asymptotics, self-similarity and renormalization group were of decisive value in 

modeling.

Fundamental principles & symmetries 
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Similarity and self-similarity 

Self-similar
object

Fractal

Similar objects 

D=ln8/ln3≈1.89,   DT=1
D = 2, DT =2

D = 2, DT =2

1. Two geometrical objects are similar if one is the result of

    a uniform scaling (enlarging or shrinking) of the other.

2. Object is self-similar if it is composed of parts similar to it 

    as a whole.

3. Object is a (self) similar fractal, if it consists of parts like him

    as a whole on any scale.

Topological dimension: point, DT=0;  line, DT=1; surface, DT=2; volume, DT=3. 

5
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3q   4,p ==

A curve length is a measure 
of fractal curve 

The Koch curve – Self-similar fractal curve 

 −= 0zz

→
→−1|)(z




Swedish mathematician
Nils Fabian Helge von Koch
           (1870-1924)
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anomalous fractal dimension

topological dimension

fractal dimension

resolution➢
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Multiple production & Fractals 

Set of hadrons produced in inelastic interaction are set 
of points of the phase-space  {pT,η,φ}

The distribution of points is determined

         by the interaction dynamics:

➢ hard scattering

➢ parton showers in the initial and final state

➢ multiparticle interactions

➢ fragmentation of partons into hardrons

➢ decay of unstable hadrons    

➢ A new direction for the study of QCD at high-energy colliders is the fractality 

       of parton cascades, which leads to an anomalous dimension of the phase space.

➢ The clearly seeing this fractality is a big experimental task.

➢  Energy loss of energetic partons in Quark Gluon Plasma.  

J. D. Bjorken, Future Directions for QCD, SLAC-PUB-6477 (1994); arXiv:hep-ph/9610516

J. D. Bjorken, Fractal phase space as a diagnostic tool for high-energy multijet processes,   

                                 Phys. Rev. D 45 (1992) 4077.

J. D. Bjorken, Energy Loss of Energetic Partons in Quark-Gluon Plasma: Possible Extinction 

                      of High pT Jets in Hadron-Hadron Collisions. FERMILAB-Pub-82/59-THY, 

                       August, 1982
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Triad Cantor Set

Fractal characteristics

- Base P=3, the original 

space is divided into 3 parts

- Structure S=101, the 1-st 

and 3-rd parts remains 

and 2-nd part is removed 

- Independent partition

- Number of levels Nlev=5

- Dimention DF = ln2/ln3

Fractal & Fractal dimension

Euclidean:  M = const  independent of scale, determines size

Fractal: M ≠ const N(l)  and l  are changed in different ways 

Hausdorff measure is introduced

 to evaluate the dependence of N(l) on l  

Fractal is the self-similar object whose DF  DT 

N(l) - number of probes with 
size l covering the object 

N - is number of probes 

         with size li < d

Fractal dimension is the value DF which provides the finite MH  


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Fundamental principles & Symmetries 

Self-similarity is a property of physical phenomena 
and principle to construct theories 

Flavor, spin, mass are fundamental properties of quarks. 

Their origin has relevance to structure of the momentum 

space at small scales.  

9

➢ Self-similarity is the symmetry of repeatability of structures and 
processes with change in a scale.

➢ The self-similarity principle states that structures and processes 
repeats with change of a scale.

➢ Self-similarity is the unifying concept for theories of fractals and 
chaos. 

➢ Phenomenon that is self-similar looks the same or behaves the 
same when viewed at different magnifications.

➢ The renormalization group is related to scale invariance and 
conformal invariance, symmetries in which a system appears       
the same at all scales (self-similarity).

В 1958 Мелвин Шварц становится ассистентом профессора, в 1963 — профессором. 

Совместно с выдающимися учёными Леоном Ледерманом и Джеком Стейнбергером

разработал и осуществил на протонном синхротроне AGS в Брукхейвенской

национальной лаборатории уникальный физический эксперимент, в ходе которого 

мюонные нейтрино впервые были получены не в космических лучах, а в 

лаборатории, что позволило исследовать их, и сделать однозначный вывод о 

существовании нового типа нейтрино, отличного от электронного нейтрино.

Мелвину Шварцу принадлежит открытие сигма-ноль-гиперона и пиония, а также 

экспериментальное доказательство несохранения четности в распаде гиперонов.

Electrical discharge 
Lichtenberg figure

Romanesco 

Broccoli
The shell 

of Epitoniid scalare

Milky Way galaxy

Russian doll

Cosmic microwave 
background radiation

Frost pattern

Renormalization 
group

The renormalization group is intimately related
to scale invariance and conformal invariance, 
symmetries in which a system appears the same at
all scales (self-similarity),[a] where under the fixed point 
of the renormalization group flow the field
theory is conformally invariant.

αS− running 
coupling constant  

CMB 

TB=2.725 K

https://ru.wikipedia.org/wiki/1958
https://ru.wikipedia.org/wiki/1963
https://ru.wikipedia.org/wiki/%D0%9F%D1%80%D0%BE%D1%84%D0%B5%D1%81%D1%81%D0%BE%D1%80
https://ru.wikipedia.org/wiki/AGS_(%D1%81%D0%B8%D0%BD%D1%85%D1%80%D0%BE%D1%82%D1%80%D0%BE%D0%BD)
https://ru.wikipedia.org/wiki/%D0%91%D1%80%D1%83%D0%BA%D1%85%D0%B5%D0%B9%D0%B2%D0%B5%D0%BD%D1%81%D0%BA%D0%B0%D1%8F_%D0%BD%D0%B0%D1%86%D0%B8%D0%BE%D0%BD%D0%B0%D0%BB%D1%8C%D0%BD%D0%B0%D1%8F_%D0%BB%D0%B0%D0%B1%D0%BE%D1%80%D0%B0%D1%82%D0%BE%D1%80%D0%B8%D1%8F
https://ru.wikipedia.org/wiki/%D0%91%D1%80%D1%83%D0%BA%D1%85%D0%B5%D0%B9%D0%B2%D0%B5%D0%BD%D1%81%D0%BA%D0%B0%D1%8F_%D0%BD%D0%B0%D1%86%D0%B8%D0%BE%D0%BD%D0%B0%D0%BB%D1%8C%D0%BD%D0%B0%D1%8F_%D0%BB%D0%B0%D0%B1%D0%BE%D1%80%D0%B0%D1%82%D0%BE%D1%80%D0%B8%D1%8F
https://ru.wikipedia.org/wiki/%D0%AD%D0%BB%D0%B5%D0%BA%D1%82%D1%80%D0%BE%D0%BD%D0%BD%D0%BE%D0%B5_%D0%BD%D0%B5%D0%B9%D1%82%D1%80%D0%B8%D0%BD%D0%BE
https://ru.wikipedia.org/wiki/%D0%93%D0%B8%D0%BF%D0%B5%D1%80%D0%BE%D0%BD
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"Fundamental symmetry principles dictate the basic laws 

 of physics, control the structure of matter, and define the 

 fundamental forces in Nature."            
                                                              Leon M. Lederman

Fundamental principles & Symmetries 

Self-similarity is a property of physical phenomena 

and principle to construct theories. 

Flavor, spin, mass are fundamental properties of quarks. 

Their origin has relevance to structure of the momentum 

space at small scales.  

Phase transitions and critical phenomena.

Search for and study new states of nuclear matter.

Top physics is a pillar of the current research program in HEP 

and provide stringent tests of SM.

10
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➢  A self-similar object is exactly or approximately similar to a part 

     of itself (i.e. the whole has the same shape as one or more of the parts). 

➢  Self-similarity is a typical property of fractals. 

➢  Scale invariance  is an exact form of self-similarity where at any 

     magnification there is a smaller piece of the object that is similar 

     to the whole. 

Dimensionless dynamical function vs. self-similarity parameter 

Reynolds number                   Mach number                       Bjorken variable

      Re= ρVd/η                           Ma=v/c                                x = –q2/2(pq)    

Self-similarity 

Violation of a scaling is an indication of new phenomena.

➢  Drag force      vs.  Reynolds number  Re= ρVD/η                       hydrodynamics

➢  Friction force  vs.  Mach number    Ma=v/c    aerodynamics

➢  Structure function  F (x)  vs.  Bjorken variable x=-q2/2(pq)      deep-inelastic scattering

                                               ……………

laminar & turbulent flow

shock wave,       explosion,     confinement

subsonic & supersonic wave

supersonic flow

low x  & high x

drag force

Friction force 

Scaling  function  vs. self-similarity parameter 

Scaled function vs. similarity parameter 

Description of a process in terms of 
a scaling function and similarity parameter 

similarity parameter
11
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Specific heat of liquid 4He
Superfluid transition

Heat capacity of  Ar 

H.E. Stanley, 1971

KTC 19.5=
Critical Point 

Singularity of specific heat near a Critical Point 

Critical exponents define the behavior 
of thermodynamic quantities nearby the Critical Point.

Vc | |−  c cε (T-T )/T 2 2

V Vc T( F T )|/= −  

M. J. Buckingham and W. M. Fairbank, 1961 
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Variation of the isochoric heat capacity Cv of argon along the 

critical isochore [2]. 

2. M. I. Bagatskiǐ, A. V. Voronel’, V. G. Gusak., Zh. Exp. Teor. Fiz. 43, 728 (1962) 

[Sov. Phys. JETP, 16, 517 (1963)]. 

This universality is associated with the universal nature of critical fluctuations [24,25]. 

24. M. E. Fisher, “The Theory of Critical Point Singularities”, in Fenomeni Critici, 

Rendiconti della Scuola Internazionale di Fisica “Enrico Fermi”, LI Corso, edited by M. S. 

Green, p. 1 (Academic Press, New York, 1971). 

25. K. G Wilson, Revs. Mod. Phys. 47, 773 (1975); M. E. Fisher, Rep. Prog. Phys. 30, 615 (1998). 

Voronel discovered that the isochoric heat capacity Cv

 of argon becomes infinite at the vapor-liquid critical point. 

The authors emphasized striking similarity of the observed 

anomaly in the heat capacity with the singularity at the superfluid 
transition in liquid helium, previously reported by Buckingham 
and Fairbank [3]. 

3. M. J. Buckingham and W. M. Fairbank, in Progress in Low 

Temperature Physics, edited by C. J. Gorter, Vol. III, p. 80 (North 

Holland Publishing Co, Amsterdam, 1961). 

The isochoric heat capacity Cv

 of argon becomes infinite 

at the vapor-liquid critical point. 

A.V. Voronel’ et al. 
Zh. Exp. Teor. Fiz. 43, 728 (1962). 

150.8CT K=

Critical Point 

Discontinuity of specific heat near a Critical Point 

➢  Near a critical point the singular part of thermodynamic 

     potentials is a Generalized Homogeneous Function (GHF).

➢  The Helmholtz potential                                          is GHF of         .( , ) ( , )Va a
F V F V    = ( , )V

the superfluid transition 
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Phase diagram of H2O and Nuclear Matter

The phase diagram of water 
 is established

➢   Phases (ice I-XV, liquid, vapor)
➢   Phase boundaries
➢   Phase transitions
➢   Triple Point (16)
➢   Critical Point (1)

The phase diagram of strongly interacting
  nuclear matter is under study

Ice III

Ice XIII

Ice X

➢    Phases  - ? 
➢    Phase boundaries -?
➢    Phase transitions - ?
➢    Triple Point - ? 
➢    Critical Point - ?

NICA

13
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Symmetry principles are a fundamental tool in modern

 science, both to describe natural phenomena and to predict

new ones and to construct consistent physical theories.

Conclusions I

14

Симметрия является той идеей, посредством 

которой человек на протяжении веков пытался по-

стичь и создать порядок, красоту и совершенство.

Г. Вейль

Symmetry is the idea by which man has tried 

throughout the ages to comprehend and create 

order, beauty and perfection.

  Hermann Weyl

Hermann Weyl -

Hermann Weyl defined symmetry as a foundational concept used 

through history to comprehend and create order, beauty, and 

perfection. 

https://en.wikipedia.org/wiki/Hermann_Weyl
https://en.wikipedia.org/wiki/Hermann_Weyl
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z-Scaling:

    ideas, definitions, hypothesis,…

V.V. Abramov et al.,  Sov. J. Nucl. Phys. 31 (1980) 484

V.V. Abramov et al.,  JETP Lett. 33 (1981) 289

D. Antreasyan et al., Phys. Rev. D 19 (1979) 764 

D. E. Jaffe et al., Phys. Rev. D 40 (1989) 2777 

 A. Breakstone et al., Z. Phys. C 69 (1995) 55 

D. Drijard et al., Nucl. Phys. B 208 (1982) 1

G. Agakishiev et al., Phys. Rev. Lett. 108 (2012) 072302

V.V. Abramov et al., omenta from 0.5-GeV/c up to 2.2-GeV/c in proton proton collisions 

at 70-GeV, Sov. J. Nucl. Phys. 31 (1980) 484.

[45] V.V. Abramov et al., Production of charged hadrons with large transverse momenta in 

pp collisions at 70 GeV, JETP Lett. 33 (1981) 289.

[46] D. Antreasyan et al., Production of hadrons at large transverse momentum in 200-, 

300-, and 400-GeV p -p and p-nucleus collisions, PhysRev. D 19 (1979) 764.

.

[47] D.E. Jae et al., High-transverse-momentum single-hadron production in pp and pd collisions at

p

s =27.4 and 38.8 GeV, Phys. Rev. D 40

(1989) 2777.

[48] A. Breakstone et al., Inclusive charged particle cross-sections in full phase space from proton proton interactions at 

ISR energies, Z. Phys. C

69 (1995) 55-66.

[49] D. Drijard et al., A measurement of the inclusive cross-section of charged pions at very high transverse momenta, 

Nucl. Phys. B 208 (1982)

1-11.

[50] G. Agakishiev et al. (STAR Collab.), Identified hadron compositions in p+p and Au+Au collisions at high 

transverse momenta at psNN=200 GeV, Phys. Rev. Lett. 108 (2012) 072302.

- search for new symmetries in high energy physics 

- search for new phenomena:  particle substructure,  phase transitions,… 

- a tool for data analysis, verification and development of theoryA discontinuity and strong correlation of the model parameters 

   could give indication on new physics in pp collisions: 

Search for phase transition, critical point  …. with strange probes.
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Int.J.Mod.Phys. A  32 (2017) 1750029

Origin of flavor

➢  Introduction 

➢  z-Scaling (ideas, definitions,…)

➢  Properties of  data z-presentation 

➢  Scaling properties of hadron production 

                   in pp  from U70, ISR to LHC

                       h,π,K,…Ω, top, jets

➢  Scaling properties of hadron production 

                 in AuAu collisions at RHIC

➢  Microscopic scenario of hadron production

      momentum fraction, recoil mass, constituent 

      energy loss vs. √sNN, centrality, pT

➢  Summary 
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Self-similarity: z-scaling

Inclusive cross 

sections of 

–, K¯,  p, 

 in pp collisions 

_

➢  Energy & angular independence

➢  Flavor independence (, K, p, )

➢  Saturation for z < 0.1
➢  Power law  Ψ(z)z- for high z > 4

STAR:

PLB 616 (2005) 8

PLB 637 (2006) 161

PRC 75 (2007) 064901

ISR: 

 NPB 100 (1975) 237

 PLB 64 (1976) 111

 NPB 116 (1976) 77

         (low pT)

 NPB 56 (1973) 333

       (small angles)

FNAL:

PRD 75 (1979) 764

Scaling – “collapse” of  data points onto a single curve.
Universality classes – hadron species (F, αF).

Saturation at low z

P
o
w

er
 l

aw
 a

t 
h
ig

h
 z

Energy scan of spectra

 at U70, ISR, SppS, SPS, HERA,

FNAL(fixed target),

    Tevatron, RHIC, LHC  

_

_

MT & I.Zborovsky

T.Dedovich

Phys.Rev.D75(2007)094008

Int.J.Mod.Phys.A24(2009)1417

J. Phys.G: Nucl.Part.Phys.

37(2010)085008    

Int.J.Mod.Phys.A27(2012)1250115

J.Mod.Phys.3(2012)815

Int.J.Mod.Phys. A 32(2017)1750029
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z-Scaling

Locality: collisions of hadrons and nuclei are expressed 

                  via interactions of their constituents

                  (partons, quarks and gluons,...).

Self-similarity: interactions of the constituents 

                         are mutually similar. 

Fractality: self-similarity is valid over a wide scale range.

Scaled inclusive cross section of particles depends

  in a self-similar way on a single scaling variable z. 
Ed3σ/dp3

x1,x2,ya,yb

Ψ(z)

s1/2, pT, θcms
δ1,δ2,εa,εb ,c

Principles: locality, self-similarity, fractality

Hypothesis of z-scaling :  

Inclusive particle distributions can be described 

in terms of constituent sub-processes and parameters 

characterizing bulk properties of the system.

17
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(x1P1+x2P2 –p/ya)
2 = MX

2 

Momentum conservation law for sub-process 

Locality  

Mass of recoil system 

MX= x1M1+x2M2+m2/yb

Collisions of colliding objects 
are expressed via interactions of their constituents

inclusive
   particle

colliding
   object

recoil
 particle

colliding
   object

P1, P2 , p – momenta of colliding 
and produced particles 

M1, M2 , m1 – masses of colliding 
and produced particles 

x1, x2 – momentum fractions of 
colliding particles carried by 
constituents

ya, yb – momentum fractions of 
scattered constituents carried by 
inclusive particle and its recoil

δ1, δ2 – fractal dimensions of 
colliding particles 

 εa, εb – fractal dimensions 

 of scattered  constituents 

 (fragmentation dimensions)

 m2 – mass of recoil particle

M.Tokarev, I.Zborovský

Yu.Panebratsev, G.Skoro

Phys.Rev.D54 5548 (1996)

Int.J.Mod.Phys.A16 1281 (2001)

Elementary sub-process:

(x1M1) + (x2M2 ) → (m1/ya )+ (x1M1+x2M2+ m2/yb )

18
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Self-similarity

N0ch

1/2

0
m)| η/d(dN

s
z c

⊥=

1

0z −= z

➢ Ω-1  is the minimal resolution at which a constituent sub-process

             can be singled out of  the inclusive reaction

➢   is the transverse kinetic energy of the sub-process

              consumed on production of m1 & m2

➢ dNch /dη|0  is the multiplicity density of charged particles at η = 0

➢  c is a parameter interpreted as a “specific heat” of created medium    

➢  mN is an arbitrary constant  (fixed at the value of nucleon mass)

1/2s⊥

Interactions  of constituents are mutually similar 

Self-similarity parameter

Параметр подобия z - безразмерная величина, 

выражаемая через размерные величины P1,P2,p,M1,M2,m1,m2, 

характеризующие процесс рождения инклюзивной частицы 

The self-similarity parameter z is a dimensionless quantity, expressed through 

the dimensional values P1, P2, p, M1, M2, m1, m2, characterizing the process 

of inclusive  particle  production

19



HS & QCD’2016,  M.Tokarev       

M.Tokarev                                PPIHE2026, IHEP, Protvino, Russia

PPINE2026, Protvino, Russia

Fractality 

ba21 ε

b

ε

a

δ

2

δ

1 )y-(1)y-(1)x-(1)x-(1=

-1 (x1, x2 , ya, yb )  characterizes resolution at which a constituent sub-
                                  process can be singled out of the inclusive reaction

1, 2, a, b   are  parameters characterizing structure of the colliding
                     objects and fragmentation process, respectively  

Ω  is relative number of configurations containing

      a sub-process with fractions x1, x2 , ya, yb of the    

      corresponding 4-momenta

→
→−1|) (z

The fractal measure z diverges as the resolution -1 increases.

1

0 Ωzz −=

Self-similarity over a wide scale range

Fractal measure

1x,x0 21  1y,y0 ba 
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Momentum fractions   x1, x2, ya, yb

Principle of minimal resolution:  The momentum fractions  x1, x2 

  and  ya, yb  are determined in a way to minimize the resolution 

  Ω-1  of  the fractal measure z with respect to all constituent  

  sub-processes taking into account 4-momentum conservation law:

0|y /           

0|x /           

0|x /           

)y,x,(xyyb

)y,x,(xyy2

)y,x,(xyy1

b21aa

b21aa

b21aa

=

=

=

=

=

=

ba -ε

b

-ε

a
2-δ

2
1-δ

1

-1 )y(1)y(1)x(1)x-(1 Ω −−−=

(x1P1+x2P2 –p/ya)
2 = MX

2 

Momentum conservation law

Mass of recoil system 
MX= x1M1+x2M2+m2/yb

Fractions  x1, x2 ,ya, yb are expressed via 

Lorentz invariants – scalar products of

4-D momenta  and particle masses.

Resolution of sub-process
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3

3
1

inel dp

σd
EJ

σ ) η(dN/d

π
Ψ(z) 


= −




=
0

1(z)dz

The scaling function  Ψ(z)  is  probability  density to produce  
the inclusive  particle with the corresponding  z.

= ⊥ Nσ pdyd
dp

σd
E inel

2

3

3

Scaling function  Ψ(z)

➢    inel  - the inelastic cross section

➢   <N>  - the average multiplicity 

➢   dN/d - the multiplicity density 

➢   J(z,;pT
2,y)  - the Jacobian

➢   Ed3/dp3 - the inclusive cross section

Normalization condition

zαz F→ Ψ(z)αΨ(z) -1

F→

Scale transformation 

preserves the normalization condition
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Properties of  Ψ(z) in pp collisions

➢  Energy independence of Ψ(z) (s1/2 > 20 GeV)

➢  Angular independence of Ψ(z) (cms=30-900)

➢  Multiplicity independence of Ψ(z) (dNch/d=1.5-26)

➢  Saturation of Ψ(z) at low z (z < 0.1)

➢  Power law, Ψ (z) ~z-β, at high z (z > 4)

➢  Flavor independence of Ψ(z) (π,K,φ,Λ,..,D,J/ψ,B,,…, top)

These properties reflect self-similarity, locality, and fractality 

of  hadron interactions at a constituent level. 

It concerns the structure of the colliding objects, 

constituent interactions and fragmentation process.  

_
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➢   New method of analysis of inclusive particle spectra 

     based on symmetry principles was proposed.

➢  The method is based on self-similarity of particle structure, 

     constituent interactions and fragmentation process. 

➢  The model parameters characterize the fractal structure 

     of particles and medium.        

Conclusions II
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Self-similarity parameter

➢ dNch/d|0 - multiplicity density

➢ c - “specific heat” of  bulk matter

➢  - proton fractal dimension 

➢ F - fragmentation fractal dimension 

3
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σ ) η(dN/d
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Ψ(z) 


= −

Scaling function ➢   Energy independence of  (z) 

➢    Centrality independence of  (z)   

➢    Power law at  high z  

➢    Saturation at low z  

“Collapse” of data point 
 onto a single curve

Self-similarity of  h
–
 production in p+p

➢  Universality:  the same shape of  Ψ(z)  vs. √s,  pT 

➢  Asymptotic behavior of  (z) at high z  – power law.
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Constituent sub-process  of  h
–
 production in p+p

Momentum fraction x1
Recoil mass   MX Energy loss   ΔE/E=(1-ya)

ΔE/E 
➢  decreases with pT 
➢  increases with √s  

MX

➢  increases  with pT 
➢  increases with √s  

x1 
➢  increases  with pT 
➢  decreases with √s  

Constituent level of particle production in terms of 

➢ p+p is a reference for p+A and A+A

➢ high x1 and pT – physics nearby a kinematic boundary
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➢    Self-similarity of particle structure, constituent 

       interactions  and fragmentation process of hadron 

       production in  p+p collisions was found. 
 
➢    Properties of the scaling function were described.

➢    Model parameters – structural and fragmentation 

       fractal dimensions and specific heat, were 

       determined from data analysis.    

Conclusions III
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pp is of interest by itself: 
- verification and search for new features   

- search for a phase transition with different probes 

 pp interaction is a reference frame for pA and AA physics   
A discontinuity and strong correlation of the model parameters 

   could give indication on new physics in pp collisions: 

Search for phase transition, critical point  …. with strange probes.
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➢ dNch/d|0 - multiplicity density

➢ c - “specific heat” of  bulk matter

➢  - proton fractal dimension 

➢ F - fragmentation fractal dimension 
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Scaling function

➢   Energy independence of  (z) 

➢    Centrality independence of  (z)   

➢    Power law at  high z  

➢    Saturation at low z  

“Collapse” of data points onto a single curve

Self-similarity of  K
–
 production in pp

Universality:  the same shape of  Ψ(z)  both for K– and π– (solid line)  
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Universality: flavor independence of the scaling function   

M.T.& I.Zborovský
Int.J.Mod.Phys.
A24,1417(2009)   
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➢   Flavor independence 

➢   Saturation for z < 0.01 

➢  Power law Ψ(z)z- at large z

➢   F, F  independent of  pT,  s1/2

Self-similarity of strangeness production in pp at RHIC

1α0.2,ε ππ ==

Solid line for  π−  meson  
 is a reference frame 

KS , K
-
, K*, , Λ, , Ω, Σ*, Λ*

0

M.T.& I.Zborovský

Int.J.Mod.Phys.

A32,1750029(2017)   
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Self-similarity of strangeness production in pp

Momentum fraction Recoil mass Energy loss   ΔE/E~(1-ya)

Constituent level of particle production in terms of 

KS , K
-
, K*, , Λ, , Ω, Σ*, Λ*

0

The more strangeness, 
the larger energy loss  

The more strangeness, 
the larger recoil mass

The more strangeness, 
the larger momentum fraction 

ΣΞΩ εεε Σ

X

Ξ

X

Ω

X MMM 
Σ

1

Ξ

1

Ω

1 xxx 

Self-similarity dictates  the properties of constituent sub-process. 

Meson

1

Baryon

1 xx  Meson

X

Baryon

X MM  MesonBaryon εε 
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Model parameters:  δ, εF , c 

δ F

Fragmentation dimensionProton fractal dimension

➢   δ, εF , c  are  independent of √s, pT    

➢   εF depends on flavor       

Parameters  δ, εF , c   are found  from  

 the scaling behavior of  Ψ as a function of self-similarity variable z

c

“Specific heat”

A discontinuity and strong correlation of the model parameters 

   could give indication on new physics in pp collisions: 

Search for phase transition, critical point  …. with strange probes.

Xhpp +→+Xhpp +→+Xhpp +→+ Xhpp +→+

~10%
~20%

~5% ~10%

Xhpp +→+
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➢    Strange particles are probes of the matter produced 

      in pp collisions.

➢  Self-similarity of strange particle structure, constituent 

      interactions and fragmentation process was confirmed. 

➢   The fractal structure of strange particles was justified.    

Conclusions IV
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pp is of interest by itself: 
- verification and search for new features   

- search for a phase transition with different probes 

 pp interactions is a reference frame for pA and AA physics   

A discontinuity and strong correlation of the model parameters 

   could give indication on new physics in pp collisions: 

Search for phase transition, critical point  …. with strange probes.
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What about self-similarity and flavor independence 

of Ψ(z) for top quark production  in pp collisions at the LHC ?
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"Fundamental symmetry principles dictate the basic laws 

 of physics, control the structure of matter, and define the 

 fundamental forces in Nature."            
                                                              Leon M. Lederman

Fundamental principles and symmetries 

Self-similarity is a property of physical phenomena 

and principle to construct theories. 

Flavor is a fundamental property of top quark.

The flavor has relevance to the structure 

of the momentum space at small scales.  

Top physics is a pillar of the current research program in HEP 

and provides stringent tests of SM.
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Top quark production and decay   

dileptons lepton+jets all hadronic

Gluon fusion Quark-antiquark 
annihilation

CDF Collab. F.Abe  et al.  

 Phys. Rev. Lett. 74 (1995)2626.

D∅ Collab.  S.Abachi  et al.

Phys. Rev. Lett. 74(1995)2632.

LHC       13 TeV                ~ 90%                                ~10% 

 LHC       7,8 TeV                ~ 85%                               ~15%       

Tevatron   1.96 TeV           ~ 15%                                  ~85%

~9% ~45% ~46%

Top-quark discovery
1995

mt ≈ 170 GeV

W decay modes
leptons

jets

Alberto Orso Maria Iorio

 (for the Atlas, CMS, and LHCb collaborations 

 DIS2016, Hamburg, Germany
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Self-similarity of  top quark  production in pp

1α0.2,ε ππ ==

Solid line for  π−  meson  
 is a reference curve  
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Top production at a constituent level

Top quark:  

ytop  ≈ 1, 

  εtop  ≈ 0,  

  MX ≈ mtop 

Negligible energy loss →  high sensitivity at high  x1 to 
   -  structure of colliding objects  (dimensions δ1 , δ2)
   -  constituent interactions  ( “specific heat”  c )
   -  transition of point-like massless top to massive top (mtop ≈ mAu)  !!! 

Verification of universality of  Ψ(z) shape over a wide z-range.

 Extraction of εtop  → estimation of energy loss.

Momentum fractions 
vs. pT & √s

MX= x1M1+x2M2+mtop/ytop

FF ε

b

ε

a

δ

2

δ

1 )y(1)y(1)x(1)x(1 −−−−=

1

0zz −=
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Self-similarity of top quark production at LHC @  Tevatron

➢  Energy independence of  Ψ(z)  

➢  Flavor independence  of  Ψ(z)

➢  Saturation of   Ψ(z) for  or z < 0.1

➢  Fractal dimensions  δ = 0.5,   εtop = 0

➢   “Specific heat”  c = 0.25

LHC & Tevatron data 

confirm self-similarity 

 of top quark production in pp & pp

“Collapse” of data points onto a single curve

–
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➢  Understanding flavor origin based on top quark production.    

➢   Self-similarity of top quark structure, its interactions and

      fragmentation process was confirmed. 

➢   The fractal structure of top quark was justified.

➢   Negligible energy loss was found.   

Conclusions V
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Jet production in pp collisions at LHC
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pp is of interest by itself: 
- verification and search for new features   

- search for a phase transition with different probes 

 pp interactions is a reference frame for pA and AA physics   

A discontinuity and strong correlation of the model parameters 

   could give indication on new physics in pp collisions: 

Search for phase transition, critical point  …. with strange probes.
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- Jet as a probe of constituent interactions at small scale

- Self-similarity of constituent substructure

CMS

Jet ET = 1.2 TeV
Jet ET = 1.3 TeV

pp & 7 TeV

ATLAS

pp & 8 TeV

Jet ET = 1.65TeV Jet ET = 1.96TeV Jet ET = 3.2TeV

Jet ET = 3.2TeV
ATLAS
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Motivation & Goals

Development of  z-scaling approach for description of jet production 

in inclusive reactions to search for signatures of new physics 

(phase transitions, quark compositeness, extra dimensions,  black holes, 

fractality of space-time, complementary restrictions for theory,…)

➢ Jet is a direct manifestation of hadron structure at a constituent level

➢ Non-perturbative mechanism of quark, gluon fragmentation into hadrons

➢ Properties of sub-structure of the colliding objects, interactions 

    of their constituents, and fragmentation process at small scales. 

➢ Jets as objects for identification of particles (t,b production,…) 

➢ Fundamental principles (self-similarity, fractality)

Analysis of experimental data on jet production 

in pp obtained at the LHC to verify  properties of z-scaling 

observed in pp collisions at the   SppS, Tevatron.
_ _

43



HS & QCD’2016,  M.Tokarev       

M.Tokarev                                PPIHE2026, IHEP, Protvino, Russia

PPINE2026, Protvino, Russia

Inclusive Jets at ATLAS & z-Scaling

ATLAS Collaboration

JHEP 05 (2018) 195

Phys.Rev. D86 (2012) 014022

Measurements of inclusive jet cross section:

➢ Highest collision energy  √s=13 TeV  

➢ Probing large momentum 100< pT < 3500 GeV

➢ Rapidity region  |y| < 3.0

➢ Agreement with NLO pQCD ATLAS confirms 

z-scaling of jet production in pp      

➢  Angular independence of  Ψ(z)

➢   Power law, Ψ(z) ~ z–β , up to z ≈ 104 

➢  Self-similarity of jet production 
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Inclusive Jets at CMS @ DØ &  z-Scaling
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➢  Energy independence of Ψ(z)

➢  Universality of Ψ(z) in pp & pp

➢  Power law of Ψ(z) for z >102
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the ATLAS and CMS collaborations at 2.76 TeV [1, 2], 7 TeV [3–6] and 8 TeV [7] center-of-mass
energy as well as by experiments at other hadron colliders [8–12].
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CMS 
ATLAS
ALICE

DØ & CDF

z-pT plot 

At the energy - √s = 8 TeV,  highest momentum - pT   2.4 TeV/c , 

smallest scale  ~ 810-5 fm

Self-similarity of jet production at Tevatron and LHC

DØ & CDF

CMS 
ATLAS
ALICE

z-scalingJet spectra 

Search for new phenomena at LHC

Test of z-scaling at LHC

Structural  phenomena constituent  substructure,…
 Collective  phenomena       multiple interactions,  phase transitions,…
 Self-similarity at small scales        fractal topology of momentum space,…

M.T. & T.Dedovich, I.Zborovsky
  Int.J.Mod.Phys.A15 (2000) 3495
  Int.J.Mod.Phys.A27 (2012)1250115
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Table 1: Recent measurements of inclusive jet 
production, performed by the ATLAS and CMS
Collaborations at different
p
s, with the corresponding integrated 
luminosities.
p
s ATLAS CMS
2.76 TeV 0.0002 fb􀀀 1 [5] 0.0054 fb􀀀 1 [6]
7 TeV 4.5 fb􀀀 1 [7] 5.0 fb􀀀 1 [8, 9]
8 TeV 20 fb􀀀 1 [10] 20 fb􀀀 1 [11]
13 TeV 3.2 fb􀀀 1 [12] 0.071 fb􀀀 1 [4]
These measurements were compared with 
fixed-order predictions in perturbative QCD
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CMS 
ATLAS
ALICE

DØ & CDF

z-pT plot 

At the energy - √s = 13 TeV,  highest momentum - pT   3.5 TeV/c , 

smallest scale  ~ 5.610-5 fm

Self-similarity of jet production at Tevatron and LHC

DØ & CDF

CMS 
ATLAS
ALICE

z-scalingJet spectra 

Search for new phenomena at LHC

New test of z-scaling at LHC

Structural  phenomena         constituent  substructure,…
 Collective  phenomena        multiple interactions,  phase transitions,…
 Self-similarity at small scales        fractal topology of momentum space,…

M.T. & T.Dedovich, I.Zborovsky
  Int.J.Mod.Phys.A15 (2000) 3495
  Int.J.Mod.Phys.A27 (2012)1250115
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Table 1: Recent measurements of inclusive jet 
production, performed by the ATLAS and CMS
Collaborations at different
p
s, with the corresponding integrated 
luminosities.
p
s ATLAS CMS
2.76 TeV 0.0002 fb􀀀 1 [5] 0.0054 fb􀀀 1 [6]
7 TeV 4.5 fb􀀀 1 [7] 5.0 fb􀀀 1 [8, 9]
8 TeV 20 fb􀀀 1 [10] 20 fb􀀀 1 [11]
13 TeV 3.2 fb􀀀 1 [12] 0.071 fb􀀀 1 [4]
These measurements were compared with 
fixed-order predictions in perturbative QCD

CMS & DØ CMS & DØ
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➢    Jets are direct indications on substructure of hadrons.      

➢   Jets are probes of hadron and nuclear medium.

➢   Self-similarity of jet production was confirmed. 

➢   Fractal structure of jets was justified.

➢   Universality of tagged jet structure was suggested.  

Conclusions VI
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The cumulative particle is a particle produced 
in the region forbidden for free nucleon kinematics: 

2 2

1 2( ) XP P p M+ − =
p

max

A

max pp 

XpPP
21

+→+

Cumulative particle, process, region,… 

p+A

pL =400 GeV/c

π

p+A

pL =50 GeV/c

π

A.M.Baldin  & V.S.Stavinsky (1971,1973)

Conservation laws:
•  4-momentum
•  electric charge 
•  baryon number
•  flavor

V.S. StavinskyJINR Rapid Communications 

N18-86, p.5 (1986)

θlab

A.M.Baldin  & V.S.Stavinsky

     ЭЧАЯ 1977                   1979

ЯФ 18(1973) 27

A.M.Baldin V.S.Stavinsky

А.М.Балдин. 1971. Краткие сообщения по 

физике ФИАН, №1, 35, 1971 Физика 

релятивистских ядер, "ЭЧАЯ", т. 8, с. 429 

1977;  Ставинский В. С., Предельная 

фрагментация ядер - кумулятивный эффект 

(эксперимент), "ЭЧАЯ", т. 10, с. 949, 1979 

Conservation laws:
•  4-momentum
•  electric charge 
•  baryon number
•  u, d, s, c, b

G.A.Leksin 

    (1980)
V.V.Ammosov 

         (2013)
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Hadron production 

 in pp & pA  at high-pT  in non-cumulative region

 as a reference frame for cumulative processes 
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A  quarter of a century ago: p+A at FNAL & U70
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Self-similarity of hadron production in p+A
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Spectra in pT and  z-presentation

➢  Energy independence of Ψ(z)
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➢  Universal shape of  Ψ(z)

➢  Power law for z > 4

➢  No discontinuty of  δA = A2δ

Scale invariance

Independence of the shape of the curve 

on {z,Ψ} plane  on scale quantities √s, pT ,θ

α(A)zz → → (A)α-1

FNAL (J.Cronin, G.Leksin, D.Jaffe)   &  U70 (R.Sulyaev)

Cumulative low-pT pion production in p+A at FNAL

N.A. Nikiforov et al., Phys. Rev. C22  (1980) 700. 

A. Aparin, MT, Phys. Part. Nucl., Lett. 11 (2014) 91

J. Cronin

D. Jaffe

G. Leksin

R. Sulyaev
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➢ Universal shape of  Ψ(z)

➢  Power law for z > 4

➢  No discontinuty of  δA

Cumulative high-pT hadron spectra in p+A at U70

U70 (V.Ammosov, V.Gapienko, R.Sulyaev) & FNAL (J.Cronin, D.Jaffe) 

A.Aparin, MT 

 Phys. Part. Nucl. Lett., 11 (2014) 381.

Self-similar properties 
of nuclear matter

A=12-184
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C, Al,Cu, W & D

➢  Collapse of data points

➢  Universal shape of  Ψ(z)

➢  Self-similarity over a wide

      kinematic range  
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Cumulation

 under nucleus compression

➢ Spectra in cumulative region: pT > 2.5 GeV/c.
➢  Smooth behavior of  spectra vs. pT.
➢  A-dependence of spectra (A=12-184 ).  

pL =50 GeV/c,     A=C,Al,Cu,W,      θlab=35 deg.

N.N.Antonov et al. (IHEP, Protvino) "Physics 

of Fundamental Interactions", 

Russian Academy of Science, ITEP,Moscow, 

Russia, 21-25 November, 2011.
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Self-similarity of hadron production in p+A

FNAL (J.Cronin, G.Leksin, D.Jaffe)  &  U70 (R.Sulyaev, V.Ammosov, V.Gapienko)

➢  Beam Energy Scan in p+A 

➢  Spectra of cumulative identified particles

➢  Multiplicity density dNch/dη  vs. √s and η

➢  Centrality dependence of spectra

➢ Verification  of z-scaling in cumulative range 

➢ Smooth transition from high-pT to cumulative range

low-pT & cumulative high-pT & non-cumulative high-pT & cumulative 
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➢   Self-similarity of particle structure, constituent interactions 

      and fragmentation process of hadron production in non-

      cumulative and cumulative  regions in  p+A  collisions were 

      verified.  

➢   Smooth behavior of  Ψ(z) in the overlapping range was found.

➢   There is no observed discontinuity of fractal dimensions - δ, ε 

      and  “specific heat”- c.

Conclusions VII 
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Scaling features of hadron production 
 in Au+Au at RHIC

Self-similarity of hadron production 

Int. J. Mod. Phys. (2015) 1560103

Nucl. Phys. A993  (2020) 121646

Nucl. Phys. A1025 (2022) 122492

Probing microscopic structure of the hot- and high- 

density nuclear matter at multiple length scales

Central Au-Au 
  s1/2=200 GeV

RHIC & STAR

…, NICA, 

FAIR, …

Central Au+Au @ 7.7 GeV 

event in STAR TPC

Central Au+Au @ 200 GeV 

event in STAR TPC

RHIC Beam Energy Scan with Au+Au:

√sNN = 7.7, 11.5, 14.5, 19.6, 27, 39, 62, 130, 200 GeV

RHIC beam energy scan with Au+Au:

√sNN = 7.7, 11.5, 19.6, 27, 39, 62, 130, 200 GeV

MT & I. Zborovský  

Nucl. Phys. A 1025 (2022) 122492

Nucl. Phys. A993 (2020) 121646
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Central Au-Au 
  s1/2=7.7 GeV

Central Au-Au 
  s1/2=200 GeV

RHIC & STARRHIC & STAR
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Self-similarity in Au+Au collisions

A A1 2 AA AA
δ δ ε ε

1 2 a b(1 x ) (1 x ) (1 y ) (1 y ) = − − − −

AA

1/2

0

ch 0 N

c

s
z

(dN /d  | ) m
⊥=

1

0zz −=

Self-similarity parameter

➢ dNch/d|0 - multiplicity density

➢ cAA  - “specific heat” of  bulk matter

➢ A  - nucleus fractal dimension 

➢ AA - fragmentation  dimension 

3
-1

3

inel

π d σ
Ψ(z)= J E

(dN/dη ) σ d p

➢  Energy independence of  (z) 

➢   Centrality independence of  (z)   

➢   Dependence of AA on multiplicity

➢   Power law at low- and high-z regions 

A+A collisions:  

AA 0 AA pp(dN /d  ) =   + 

“Collapse” of data points onto a single curve

Indication of a decrease   
 of    for  √sNN  < 19.6 GeV

STAR  
preliminary

A A = 
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MT, A.Kechechyan, I.Zborovsky

Nucl. Phys. A993  (2020) 121646

z-Scaling



HS & QCD’2016,  M.Tokarev       

M.Tokarev                                PPIHE2026, IHEP, Protvino, Russia

PPINE2026, Protvino, Russia

Self-similarity of  h  production in central Au+Au-

Momentum fraction Ax1 Recoil mass MX
Energy loss   ΔE/E=(1-ya)

ΔE/E 
➢  decreases with pT 
➢  increases with √sNN  

MX 
➢  increases  with pT 
➢  increases with √sNN  

Ax1 
➢  increases  with pT 
➢  decreases with √sNN  

Constituent sub-process in terms of 

➢  High x1 and pT → compressed matter

➢  Large MX  → high density recoil system 

➢  High ya →  small energy loss

58 

Smooth behavior of x1 , ya , MX   vs. pT , centrality, collision energy



HS & QCD’2016,  M.Tokarev       

M.Tokarev                                PPIHE2026, IHEP, Protvino, Russia

PPINE2026, Protvino, Russia

Model parameters: δA, εAA, cAA 

δAδA = AA 0 AA ppε =ε (dN /dη )+ε

Fragmentation dimensionNucleus fractal dimension

➢   δA  decreases with energy for √sNN  ≤ 20 GeV   

➢   δA is independent of energy for √sNN ≥ 20 GeV

➢   εAA  increases with energy      

➢   cAA  is independent of energy  

Parameters  δA, εAA, cAA  are determined from the requirement 

of scaling behavior  of  Ψ as a function of self-similarity parameter z

AAc

“Specific heat”

Search for discontinuity and correlations of the model parameters.

XhAuAu +→+ −

STAR  preliminary

stat.err.   ≤10%

XhAuAu +→+ −

STAR  preliminary STAR  preliminary

stat.err.   ≤10% stat.err.   ≤10%

XhAuAu +→+ −
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Conclusions

➢ Some results of data analysis on charged hadrons, strange  mesons and 

baryons, jet and top quark production in pp collisions  obtained at the U70, 

ISR, RHIC, Tevatron, LHC using the z-scaling approach were presented 

      and discussed.

➢ z-Scaling of particle production manifests self-similarity, locality and 

fractality of hadron interactions at a constituent level. 

➢ Results of analysis of the STAR BES-I data on negative hadrons produced 

      in Au+Au collisions demonstrate smooth behavior in z-presentation vs. 

      collision energy, centrality over a wide range of pT and support the concept.

➢  Parameter correlations as signatures of phase transition and  Critical Point

       were suggested. 

➢  z-Scaling gives restriction on the asymptotic behavior of particle spectra 

       in high-pT region. 

_
➢   New results of analysis of experimental data on negative hadrons

      produced in Au+Au collisions at RHIC from BES-I program in the

      framework of z-scaling were presented.

➢   New confirmation of scaling properties of data z-presentation in AA 

       collisions were obtained.      

➢   The dependence of momentum fractions, recoil mass vs. collision 

      energy, centrality and transverse momentum was studied.

➢   The constituent energy loss for a wide kinematic range and centrality 

      of events was estimated.

➢    STAR BES-I data in z-presentation demonstrate  smooth behavior 

       vs. a collision energy, centrality over a wide range of  pT . 

➢    Discontinuities of model parameters – fractal dimensions  δA ,  εAA 

       and “heat capacity” cAA ,  are not visible.

➢    Parameter correlations as signatures of phase transition and 

       Critical Point  were discussed. 

New STAR BES-II data can be of interest in searching for a Critical Point 

and signatures of phase transition in nuclear matter produced  

         at the SPS, RHIC and LHC in present, and FAIR & NICA in future.
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Verification of z-scaling concept can be of interest in searching 

for new phenomena in particle and nuclear physics over a wide range 

  of transverse  momentum and collision energy.  
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Thank you for attention !

Thank You for  Attention !

Gatchina, Russia, August 6 – 10, 2018

Hadron Structure and QCD:

from Low to High Energies

“Particle Physics at Intermediate and High Energies”, 
June 2 ‒ 5, 2026, Protvino, Russia
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