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Цель:

Показать, что решеточная регуляризация КХД (РКХД)

1) Является теоретически корректной
2) Позволяет вычислять многие физические величины с
контролируемой точностью
3) Точность вычислений феноменологически важных
физических величин достигла O(1%)
4) Пример таких физических величин - мезонные
формфакторы в распадах заряженных псевдоскалярных
мезонов Pl2(γ),Pl3(γ)
5) Результаты экспериментов Istra+ и OKA вызывают интерес,
в частности у сообщества физиков-теоретиков, выполняющих
исследования в РКХД.
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The numerical simulations of Lattice QCD (LQCD)
allowed an unpreceded progress in understanding
the non-perturbative dynamics of strong
interactions. Precise calculations of the hadron
spectrum and accurate predictions of hadronic
matrix elements are now a reality and more and
more quantities relevant to the phenomenology of the Standard
Model and for searches of signals of new physics beyond the SM
will soon become available.
This progress has been possible thanks to the development of very
sophisticated theoretical tools coupled to an extraordinary increase
of the computer power and memory.

Guido Martinelli, 2023
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Plan

1 Introduction: Lattice QCD
2 Two-point and three-point correlators
3 Leptonic and semileptonic psudoscalar mesons

decays
4 Conclusions
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Lattice regularization

Lattice regularization of QCD (K. Wilson, 1974)
- definition of QCD beyond perturbation
theory i.e., it is well defined at any coupling
Problem: Euclidean space
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Lattice QCD

Frank Wilczek, 2003, Opportunities, challenges, and fantasies in lattice
QCD:
"A major triumph of lattice QCD is already enshrined in the PDG"
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Lattice QCD

Frank Wilczek, 2024, QCD at 50: Golden Anniversary, Golden Insights,
Golden Opportunities
"Today, after decades of heroic work from the lattice gauge theory
community, we have calculations of the low-lying spectrum that agree in
full detail with experimental measurements, at the few percent level"
David Gross, 2016, Quantum Chromodynamics – The perfect Yang Mills
gauge field theory:
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"Lattice QCD remains, so far, the only tool
for precise, controllable, first principle
calculations of large scale hadronic properties.
Lattice QCD has been enormously successful,
reaching a new level of maturity due to
Moore’s Law and to theoretical ingenuity...
We can now calculate, from first principles
and with controllable errors, to one percent or
better, the mass spectrum of all of the particles
that were being discovered when I was a graduate
student. To a theorist this is enormously pleasing."
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Lattice regularization

’Only recently has the combination of powerful supercomputers,
sophisticated numerical techniques, and advanced theoretical
approaches allowed, for the first time, the computation of physical
quantities at phenomenologically relevant accuracy’
50 Years of Quantum Chromodynamics, Eur.Phys.J.C 83 (2023)
1125
’In the last decade, simulations directly at the physical
isospin-symmetric light quark masses have become standard,
removing the need for a chiral extrapolation and thus significantly
reducing the overall error. The present frontier, is the inclusion
of isospin breaking. This will be needed to push the accuracy of
calculations below the percent level.’
REVIEW OF PARTICLE PHYSICS, Particle Data Group, 2024

8 / 27



Lattice regularization

 

Lattice QCD is obtained by replacing the
four-dimensional space-time continuum with
a hypercubic lattice and by restricting the quark and
gauge fields to the lattice sites and links. The lattice
provides a regularization of the ultra-violet divergences.
The lattice QCD is, therefore, mathematically
well defined.

Uµ(x) = Pexp
(
i
∫
Cx,x+aµ̂

gAµ(s)ds

)
≈ 1 + iagAµ(x) + O(a2) ; Uµ(x) ∈ SU(3)

SW = β
∑

x,µ<ν
(1 − 1

Nc
ReTrUµν) = a4

(
β

2Nc

∑
x,µ<ν

Tr[F 2
µν ] + O(a2)

)
β = 2Nc

g2

SF =
∑

x,y ψ̄xMxy (U)ψy

Mxy - massive lattice Dirac operator,
a matrix with coordinate, spin, color, and flavor indices;
ψ̄x , ψy - anticommuting Grassmann variables defined
at each site of the lattice; belong to the fundamental representation of SU(3)
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Lattice regularization, cont.

⟨O(U , ψ̄, ψ⟩ = 1
Z

∫
DU e−SG (U)detM(U) O(U ,M−1(U))

Integral of finite dimensionality. Importance sampling

P{U} ∝ e−Seff (U) , Seff (U) = SG (U)− log(detM(U))

Markov chains, Monte Carlo algorithms,
Hybrid Monte Carlo = Molecular dynamics + Monte Carlo.
Important numerical task - inversion M−1

xy (U)
There is no problem of gauge fixing
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Lattice regularization, cont.

Sources of errors:

- statistical error (depends on number of independent
configurations of gauge field)
- extrapolation a → 0
- extrapolation mπ → mπ,phys (mostly solved)
- finite volume effects (mπL ≳ 4, i.e. L ≳ 5fm
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Lattice regularization, cont.

Input parameters (dimensionless):

- lattice coupling β = 6/g2; a = a(β); increasing β →
decreasing a
to determine a in physical units: hadron mass, e.g. mΩ:
mlatt

Ω = a mΩ

- light quark mass amu = amd ≡ aml (isospin symmetry);
mπ, fπ,mN

- s-quark mass ams ; mK , fK
- c-quark mass amc ; mDs

- b-quark mass amb; mBs or mΥ (Note: b-quark is usually treated only as a valence

quark

All other quantities are pre/post dictions that can be
compared to experiment
Present day calculations are increasingly done with physical or near
physical values of ml , requiring at most only a short extrapolation
or interpolation.

12 / 27



Physical observables

running coupling αs(q)

hadron masses
decay constants
semileptonic formfactors
quark masses
nucleon matrix elements
kaon mixing
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Predictions from LQCD

14 / 27



Two-point correlators

C2pt.(t) ≡ ⟨O(t)O†(0)⟩,

O(t) is a generic operator with the quantum numbers of a state we
wish to study
O(t) = eĤtO(0) e−Ĥt , Ĥ - QCD Hamiltonian

C2pt.(t) =
∑
n

|⟨0|O(0)|En⟩|2 e−Ent ,

C2pt.(t) ≈ |⟨0|O(0)|E0⟩|2 e−E0t ,

where corrections scale as e−(E1−E0) t

We extract ground state energy (mass for p⃗ = 0) E0 and matrix
element |⟨0|O(0)|E0⟩|

15 / 27



Two-point correlators

As example, interpolating operator for π+ is
π+(x) = d̄(x)γ5u(x),
where u is the up-quark field and d is the down-quark field.

C2pt.,π+(t) = −⟨
∑

x

Tr
[
M−1

u (x, t; 0, 0) γ5 M
−1
d (0, 0; x, t) γ5

]
⟩ (1)

Here, M−1
f denotes the quark propagator for flavor f ,
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Three-point correlators

Three-point correlation functions allow the extraction of matrix elements
of operators. Such matrix elements are key to computing QCD
contributions to electroweak decays and electromagnetic form factors,
among many different quantities.

C3pt(t, tc) = ⟨0|O(t)J (tc)O
†(0)|0⟩,

where J is the operator which matrix elements we want to determine. In
some special cases, this is a conserved current.
The spectral decomposition of C3pt

C3pt(t, tc) =
∑
n,m

⟨0|O(0)|En⟩⟨En|J (0)|Em⟩⟨Em|O†(0)|0⟩ e−En(t−tc ) e−Emtc .

At large tc and t − tc , the ground-state matrix element

C3pt(t, tc) = |⟨0|O(0)|E0⟩|2e−E0t⟨E0|J (0)|E0⟩

dominates, allowing for the extraction of physical observables such as
form factors and decay constants. Careful analysis is required to isolate
the desired contributions and control excited-state contamination.
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Leptonic and semileptonic meson decay

The Cabibbo-Kobayashi-Maskawa (CKM) matrix elements in the
first row Vud ,Vus ,Vub are important for checks of the Standard
Model. The kaon leptonic (Kl2) radiative leptonic (Kl2γ) and
semileptonic (Kl3) decay processes are used to obtain the value of
|Vus |. For leptonic decay K+(p) → l+(pl)νl(pν) the matrix element
involves hadronic matrix element:

⟨0|s̄γµγ5u|K−(p)⟩ = ifKpµ

For semileptonic decay K+(p) → π0l+(pl)νl(pν) hadronic matrix
element involved is

 

Semileptonic decay is more difficult to study but it is important to
get alternative information on |Vus |.
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Leptonic and semileptonic meson decay
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Leptonic and semileptonic meson decay
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CKM matrix from LQCD

precision experimental data on kaon decays determine the product
|Vus |f+(0) and the ratio |Vus/Vud | fK±/fπ± (PDG2024):

|Vus |f+(0) = 0.21656(35)

|Vus

Vud
| fK±

fπ±
= 0.27599(41)

f+(0) ≡ f K
0π−

+ (0) = f K
0π−

0 (0) =
qµ

〈
π−(p′)

∣∣∣s̄γµu∣∣∣K 0(p)
〉

(M2
K −M2

π) q2→0

LQCD results (FLAG):
f+(0) = 0.9698(17), fK±

fπ±
= 1.1934(19)

produce
Vus = 0.22328(58), |Vus

Vud
| = 0.23126(50)

unitarity: |Vu|2 = 0.9820(65), i.e. ≈ 3σ deviation
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CKM matrix from LQCD
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Leptonic radiative decay

 
- search for new-physics signals
- alternative determination of the CKM matrix elements
- powerful probes of the mesonic structure
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Leptonic radiative decay

1) RBC/UKQCD lattice QCD collaboration,
’Lattice Calculation of Light Meson Radiative Leptonic Decays’ e-Print:
2510.26993 [hep-lat]
P → lνlγ (P = π,K ) Domain wall fermion action

 

for π → eνeγ agreement with the PIBETA collaboration (PSI)

for K → eνeγ results are consistent with the KLOE (Frascati) data
but exhibit a 1.7σ tension with E36 (J-PARC)

for K → µνµγ results confirm previously observed discrepancies
between lattice results and the ISTRA/OKA measurements at large
photon energies, and with the E787 (AGS, BNL) results at large
muon–photon angles.
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Leptonic radiative decay

2) Extended Twisted Mass Collaboration
’Kaon radiative leptonic decay rates from lattice QCD simulations at the
physical point’
Phys.Rev.D 111 (2025) 11, 114523 (e-Print: 2504.08680 [hep-lat])
Nf = 2 + 1 + 1 flavors, Wilson-clover twisted mass fermion action
- directly at physical light and strange quark masses
- finite-size effects are carefully investigated using lattices with L = 3.8fm
to L = 7.7 fm
- the continuum extrapolation is based on three lattice spacings in the
range a ∈ [0.058, 0.08] fm.

Rγ =
Br [K− → e−ν̄eγ]

Br [K− → µ−ν̄µγ]
= 1.84(12)10−5, Eγ > 10 MeV , pe > 200 MeV
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Leptonic radiative decay
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Conclusions

- Благодаря впечатляющему развитию вычислительных
ресурсов и прогрессу в теоретических методах и алгоритмах,
решеточная КХД теперь способна давать очень точные и
надежные предсказания для широкого спектра адронных
величин и предоставляет возможность обнаруживать даже
относительно небольшие физические эффекты за пределами
Стандартной модели.
- Важно, что различные формулировки действия решеточной
КХД и различные методы вычисления физических величин,
приводящие, соответственно, к различным систематическим
неопределенностям, дают результаты, которые согласуются
друг с другом в пределах полученных погрешностей. Это дает
уверенность в корректности оценок систематических ошибок и,
соответственно, в надежности результатов.
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