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Pomeron: Motivation
     

Pomeron at high energies is responsible for: 

   n elastic scattering

 n diffractive scattering

 n inelastic scattering
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Pomeron before QCD: original foundations
     
asymptotic theorem: 
particle and antiparticle x-section equality 
I. Pomeranchuk 34 (1958) 725

non-relativistic scattering: Regge poles
T. Regge (1959, 1960)

relativistic scattering: Regge poles 
V. Gribov  Nucl. Phys. 22 (1961) 249    Gribov-Froissart representation                                     
M. Froissart Phys. Rev. 123 (1961) 1053                            

Pomeron: vacuum pole and trajectory αIP(t)=αIP(0) +α’IP⋅t 
V. Gribov ZhETP 41 (1961) 667 [JETP 14 (1962) 472]
G. Chew, S. Frautschi PRL 7 (1961) 394

➥ elastic & diffractive cone shrinkage
➥ x-section: constant with energy IHEP (Protvino) U70 data since 1967104 5. Regge Theory

<rtot ~ -lmA(s,t = 0) ~ sa(obl . E.87)s—»oo S s—»oo
If more than one pole contributes (this is the case when s is not so large, see
below), the total cross section is given by a sum of terms of the form E.87)

Otot '

The elastic cross section is given by Eq. D.33) and its expression in Regge
theory is

^=F(t)s2aW'2, E.89)
where F(t) is a function of t incorporating the residue function and the sig
signature factor. If many poles contribute, interference terms in general appear.

Let us consider one single reggeon with a linear trajectory

a(t) = a{0) + a't . E.90)
Inserting E.90) into E.89) gives

=F(t)e2a@)-2e-2a'|t| In» _

If we suppose, for simplicity, that the colliding particles are alike and assume
the simple exponential parametrization E.81) for the residue function, the
elastic cross section becomesdi '
with   = Bo + 2a' Ins. E.93)
We see that the width of the forward peak A\t\ = (Bo + 2a' In s)~x decreases
as the energy increases. This is the phenomenon known as the shrinkage of the
diffraction peak, which can be interpreted as an increase of the interaction
radius i?int ~ y/ot' Ins. The shrinkage, which is indeed observed, is not

s—>oc
suggested by the optical analogy. The prediction of it is therefore a non
trivial achievement of Regge theory.

5.8.3 The Pomeron

The Regge trajectories discussed in Sect. 5.7 have intercepts which do not
exceed 0.5. Their exchange, according to E.87), leads to total cross sections
decreasing with energy. However, it is experimentally known (see Chap. 7)
that hadronic total cross sections, as a function of s, are rather flat around
yfs ~ A0 — 20) GeV2 and increase at higher energies.

t>. Kegge Theory
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Fig. 5.7. Reggeon exchange.

sin7ra(i)
is the signature factor. This can be also expressed as

e-if a(t)

e-if a(t)

E.77)

For linear trajectories a(t) ~ a@) + a' i, we can write rj(t) as
 ?(*)~ ?@) -^«'< , E.80)

where we neglected the i-dependence of the denominators in E.79), to the
extent that |i| is small. Assuming for the residue an exponential behavior in
t, i.e. /3(i)=/3@)eB°(/2, E.81)
the Regge amplitude at large s and small |i| reads

A(s, t) = /3@) 7?@) sa@) exp ^ + a' (in   - i ^)] . E.82)
Since the Regge trajectories and the residue functions are expected to

be real below threshold, the signature factor rj(t) completely determines the
phase of the Regge pole amplitude. The ratio of the real to imaginary part
of A(s,t), if a single Regge pole is exchanged, is given by

ReA(s,t) = g + cos7ra(f)
Im A(s,t) sin7ra(i)

The value of this ratio in the forward direction (t = 0), the so-called p
parameter, is determined in Regge theory by the intercept of the exchanged
trajectory.

Equation E.76), or E.82), gives rise to a very rich phenomenology, that
we are now going to review (for more comprehensive accounts see Collins
1977, Irving and Worden 1977, Kaidalov 1979, Ganguli and Roy 1980). The
comparison with some experimental findings is postponed to Chap. 7.

5.8 Regge Phenomenology 101

/2 : P = +l, C = +\, G = +l, 7 = 0, ? = +1, E.72)
p: P = -l, C = -l, G = +l, 7 = 1, ? = -1 , E.73)
w: P = -l, C = -l, G = -l, 7 = 0, ? = -1 , E.74)
a2 : P = +l, C = +l, G = -l, 1 = 1, ? = +1 • E.75)

Note that, among these trajectories, the /2 trajectory has the quantum num
numbers of the vacuum. We shall see in Sect. 5.8.3 that there exists another tra
trajectory with vacuum quantum numbers, the pomeron. Its existence has been
postulated in order to explain the total cross section data at high energies,
but it does not correspond to any meson (see Sect. 5.8.3).

From Fig. 5.6 one sees that all the leading mesonic trajectories have
a@) ^ 0.5 (by contrast, the pomeron intercept is a@) = 1). The other
mesonic trajectories not shown in Fig. 5.6 (for instance those interpolating
strange particles) have lower intercepts. Equation E.54) shows clearly that
the larger the intercept, the more important the contribution will be as s
increases. The slope a' of all the mesonic trajectories in Fig. 5.6 is of the
order of 1 GeV .

The main baryonic trajectories have a very similar slope but a consider
considerably lower intercept. For some of these trajectories a@) is negative.

Many comments are in order. First, notice the unexpectedly large interval
of masses for which the trajectories are basically linear. Second, the slope
a' is essentially universal (in the language of string theory, it is called the
string tension). The third point is that the leading mesonic trajectories are
essentially degenerate, in the sense that they all lie one on top of the other, as
one can see from Fig. 5.6. This property is called in the literature exchange
degeneracy6. Thus, even though, in principle, each trajectory interpolates
among even or odd angular momenta according to whether it has positive or
negative signature, in practice, ? = +1 trajectories (the /2 and the a2) are
undistinguishable from ? = — 1 trajectories (the p and the u).

5.8 Regge Phenomenology
We have seen that Regge theory describes a two-body scattering process 1 +
2 —> 3 + 4, in the large s limit, in terms of the exchange of Regge trajectories.
We rewrite here for convenience the amplitude of this process, in the simple
case of a single reggeon exchange (see Fig. 5.7)

A(s,t)=P(t)rj(t)sa^ , E.76)
where /3(t) is the residue and

A careful analysis reveals that the exchange degeneracy is only approximate. The
p intercept, for instance, is slightly higher than the lu intercept (and similarly
for /2 and 02). As a consequence, one often prefers to talk of p — /2 and lu — 02
degeneracies.

104 5. Regge Theory

<rtot ~ -lmA(s,t = 0) ~ sa(obl . E.87)s—»oo S s—»oo
If more than one pole contributes (this is the case when s is not so large, see
below), the total cross section is given by a sum of terms of the form E.87)

Otot '

The elastic cross section is given by Eq. D.33) and its expression in Regge
theory is

^=F(t)s2aW'2, E.89)
where F(t) is a function of t incorporating the residue function and the sig
signature factor. If many poles contribute, interference terms in general appear.

Let us consider one single reggeon with a linear trajectory

a(t) = a{0) + a't . E.90)
Inserting E.90) into E.89) gives

=F(t)e2a@)-2e-2a'|t| In» _

If we suppose, for simplicity, that the colliding particles are alike and assume
the simple exponential parametrization E.81) for the residue function, the
elastic cross section becomesdi '
with   = Bo + 2a' Ins. E.93)
We see that the width of the forward peak A\t\ = (Bo + 2a' In s)~x decreases
as the energy increases. This is the phenomenon known as the shrinkage of the
diffraction peak, which can be interpreted as an increase of the interaction
radius i?int ~ y/ot' Ins. The shrinkage, which is indeed observed, is not

s—>oc
suggested by the optical analogy. The prediction of it is therefore a non
trivial achievement of Regge theory.

5.8.3 The Pomeron

The Regge trajectories discussed in Sect. 5.7 have intercepts which do not
exceed 0.5. Their exchange, according to E.87), leads to total cross sections
decreasing with energy. However, it is experimentally known (see Chap. 7)
that hadronic total cross sections, as a function of s, are rather flat around
yfs ~ A0 — 20) GeV2 and increase at higher energies.
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Pomeron before QCD: developments
     
Unitarity condition: 
Froissart-Martin x-section asymptotic bound ≤ log2(s)
M. Foissart Phys. Rev. 123 (1961) 1053 

Reggeon field theory
V.N. Gribov (1967)

multi-Pomeron exchanges
V.N. Gribov, A.A. Migdal (1968-1970) 
K.A. Ter-Martirosyan, A.A. Migdal, A.M. Polyakov 1972-1975 
A.B. Kaidalov K.A. Ter-Martirosyan 1973-1979

supercritical Pomeron αIP(0) >1
V.N. Gribov, A.A. Migdal, A.M. Polyakov 1970-1975 

strongly-interacting supercritical Pomeron
V.N. Gribov, A.A. Migdal, A.M. Polyakov 1969
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Pomeron in perturbative QCD
         

 
Born approximation: two-gluon Pomeron 
F.E. Low, Phys. Rev. D12 (1975) 163
S. Nussinov, Phys. Rev. Lett. 34 (1975) 1286

Leading logarithmic approximation: LL BFKL Pomeron
V.S. Fadin, E.A. Kuraev, L.N. Lipatov, Phys. Lett. B 60 (1975) 50
E.A. Kuraev, L.N. Lipatov, V.S. Fadin, ZhETF 71 (1976) 840 [JETP 45 (1977) 79] 
E.A. Kuraev, L.N. Lipatov, V.S. Fadin, ZhETF 72 (1977) 377 [JETP 45 (1977) 79] 
I.I. Balitsky, L.N. Lipatov, Yad. Fiz. 28 (1978) 1597 

Next-to-leading logarithmic approximation: NLL BFKL Pomeron
V.S. Fadin, L.N. Lipatov, Phys. Lett. B 429 (1998) 127
E.A. Camici, L.N. Ciafaloni, Phys. Lett. (1998) 
S.J. Brodsky V.S. Fadin, VK, L.N. Lipatov, G.B. Pivovarov, Pisma ZhETF 70 (1999) 161 (BFKLP)  
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High energy asymptotics of pQCD
         
 
- Large-angle scattering (hard processes):
  
    QCD in Bjorken limit
n  GLAPD: V. Gribov & L. Lipatov (71-72); L. Lipatov (74); 
                   G. Altarelli & G. Parisi (77); Yu. Dokshitzer (77)
     

- Small-angle scattering (“semi-hard” processes):
      QED in Gribov-Regge limit
n              V. Gribov, V. Gorshkov, L. Lipatov & G. Frolov (67-70)
                  H. Cheng & T. Wu (66-70)

      QCD in Gribov-Regge limit
n   BFKL:  V. Fadin, E. Kuraev & L. Lipatov (75-78)
                   I. Balitsky & L. Lipatov (78)
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High-energy QCD asymptotics: 
GLAPD and BFKL

s=(p1+p2)2

t=(p1-p3)2                 Q2=-t
Scattering in the Standard Model (QCD) at high energies:
Large logarithms: aS log(s), aS log(Q2)

Bjorken limit (large-angle scattering): 
s ~ Q2 >> m2

Q2/s = x ~ 1
Gribov-Lipatov-Altarelli-Parisi-Dokshitzer (GLAPD): 
(aS log(Q2))n resummation
Inclusive cross section ~ 1/Q4

Gribov-Regge limit (small-angle scattering):
s>>Q2 >> m2

Q2/s = x a 0
Balitsky-Fadin-Kuraev-Lipatov (BFKL): 
(aS log(s))n resummation
Total cross section ~ s(aР-1)

aР – Pomeron intercept              soft scattering data: aР = 1.1
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pQCD x-section asymptotics 

Bjorken limit (GLAPD): 
s ~ Q2 >> m2

Q2/s = x ~ 1
Large-angle (large-x) scattering

Gribov-Regge limit (BFKL): 
s>>Q2 >> m2

Q2/s = x -> 0
Small-angle (small-x) scattering
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Asymptotics of QED cross sections

All orders: V.N. Gribov, L.N. Lipatov, G.V. Frolov & V.G. Gorshkov (69-71) 
H. Cheng & T.T. Wu (69-70)

Cross section at s -> ∞:  ~ (αQED) 4 (S/S0) (aP-1)    

aP =1+ C (αQED)2 ≈ 1.002

σ~ (αQED)2 log(s)/s σ~ (αQED)4 const(s)

photon: no reggeization!
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High-energy limit pQCD as LL BFKL: γγ

Resummation of all leading logarithms: LL BFKL 

Cross section at s -> ∞: ~ (αQED) 2 (αS) 2 (S/S0) (aP-1)    

aP =1+ C αS ≈ 1.5 LL BFKL S. Brodsky & F. Hautmann (96) 

aP =1+ C αS ≈ 1.2 NLL BFKL 
S.Brodsky, V Fadin, VK,L. Lipatov, G. Pivovarov (2001-02)

σ ~ (αQED)2 log(s)/s  σ ~ (αQED)2 (αS)2 const(s) 

gluon: reggeization!



”HEP&FT’2024”, NRC KI – IHEP, Protvino, 23-25 July 2024   Victor Kim         NRC KI - PNPI

ITEP NRC KI

Highly virtual photon scattering at LEP-2 

S.J Brodsky, VK, L.N. Lipatov, V.S. Fadin & G.B. Pivovarov (2002) 
BFKLP: NLL BFKL + generalized BLM
LO Impact factor

Full NLL BFKL  calculations: require extra studies
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LL BFKL: problems
LL BFKL: designed for infinite collision energies
multi-Regge-kinematics

LL BFKL problems (at finite energies):
- fixed (non-running) coupling aS

- energy-momentum  conservation
- transverse momentum conservation

Cross section in LL BFKL: 
σ =σ0 (S/S0) (aP-1)     aP = 1 + C aS ≈ 1.5-1.6

Data: aP ≈ 1.2-1.3
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BFKL: next-to-leading logs (NLL)
improved by running as  

next-to-leading log approximation  (NLL) BFKL 
MSbar-renormalization scheme: large corrections
V.S. Fadin & L.N. Lipatov (89-98) 
C.Camici & M. Ciafaloni (96-98) 

BFKLP: NLL BFKL + resummation of running coupling aS 
generalized for the case with non-Abelian LO 
 S.J. Brodsky, V.S. Fadin, VK, L.N. Lipatov, G.B. Pivovarov(98-99) BFKLP

è BLM approach Brodsky, Lepage & Mackenzie – 1983
è works  only (!) for the case with Abelian LO 
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BFKLP: generalized BLM for non-Abelian case

9

28 

Another way: a unified effective scale Q* is used for all orders 

No compelling reason why we should set it in such a naïve way 
depression of the initial scale-dependence can not be expected 

Q*  

Q** 

especially 

2
0E

2E

0E

subtle points 

two different 
PMC scales 

New Scales Appear at Higher Order

   Renormalization Scale-Setting
and the PMC

 Stan BrodskyHadron Structure ‘15
July 2, 2015

9th Summer School in Theoretical Physics, Chongqing, Matin Mojaza

Renormalization Group Equation

Higher loop (scheme dependent): 

Integrate perturbatively and solve for a as an expansion in 

ln
µ2

µ2
0

=

Z a(µ)

a(µ0)

da

�(a)
General Solution:

(lnµ2/⇤2)�1 ⌧ 1

Relating different renormalization scales:

Taylor expanding a(µ) around ln(µ0): 

a(µ) = a(µ0)� �0a(µ0)
2 ln
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µ2
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�

�1 � �2

0 ln
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�
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3 ln
µ2

µ2
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+ · · ·

Exercise: Derive this scale displacement relation (Use RGE).

daS
d lnµ2

= �S(a) = �a2[�0 + �1a+ �S
2 a

2 + �S
3 a
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original Crewther relation [30] fixed at the NNLO in [31] and at the N3LO in [32] by using the
{β}-expanded O(a4s) representation for the e+e− characteristic, namely, the CNS

D (Q2) function
[26].

The expression for CBjp
NS (as) at the N3LO level

CBjp
NS (as) = 1 +

4
∑

i

cia
i
s (2)

was calculated in [32] in the MS scheme, as = αs/π. Using the {β}-expansion formalism we
express the coefficients ci as [29]

c1 = c1[0], (3)

c2 = β0(nf )c2[1] + c2[0], (4)

c3 = β2
0(nf )c3[2] + β1(nf )c3[0, 1]

+β0(nf )c3[1] + c3[0], (5)

c4 = β3
0(nf )c4[3] + β1(nf )β0(nf )c4[1, 1]

+β2(nf )c4[0, 0, 1] + β2
0c4[2]

+β1(nf )c4[0, 1] + β0(nf )c4[1] + c4[0], (6)

while certain values of the elements in the RHS are fixed [29, 25] following to generalized
Crewther relation. Here nf is the number of fermion flavours and βi(nf ) are the coefficients of
the QCD β-function in the MS-like schemes, which are defined as

µ2 das
dµ2

= β(as) = −
∑

i≥0

βi(nf )a
i+2
s (7)

In the MS -scheme with one scale µ2 = Q2 the analytical expressions for the NNLO {β}-
approximation for CBjp

NS (as) contain the underlined terms in Eq.(5),(6). They are absent in a

similar {β}-representation of the MS perturbative expression for CBjp
NS (as) (see e.g. Eq.(160)

review [27]). The reason for this is more technical than theoretical. As was shown in [26],
at the NNLO it is possible to get the {β}-expansion for the e+e− CNS

D (as)-function with the
concrete coefficients of the {β}-expanded pattern. It was possible to fix these terms only using
an additional to nf degree of freedom, namely, the number ng of multiplets of massless gluino.
Its analytical contribution to the NNLO correction of the CNS

D (as)-function is known from the
results of [32], while the additional contributions of ngl to the β0(nf ) and β1(nf )-functions of
QCD with gluino are known from [34]. Since β0(nf , ngl), β1(nf , ngl) are liner in both nf and
ngl, this allows us to separate the contributions of β1 and β0 to the NNLO correction of the
DNS(as)-function and obtain the {β}-expansion pattern of the O(a3s) coefficient with 4 terms
similar to the ones entering in Eq.(5).

Note that without this additional information it is impossible to extract the contributions
of β1(nf ) and β0(nf ) to the NNLO corrections of physical quantities from the ordinary nf -
expansion of these terms. Indeed, the NNLO correction contains three terms. In the case of
polarized CBjp

NS (as) the O(a3s) coefficient has the following form:

c3(nf ) = c3,0 + c3,1nf + c3,2n
2
f . (8)

To avoid rather delicate and complicated studies, the authors of [27, 28] prefer to neglect in the
NNLO corrections of their initial MS -expressions the term, proportional to the single power of

3
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p=C a—(Q) 1+ MS( Q)
( —~ P&vp+ ~ ~vp+&)

+ 0 ~ ~

(1 la)

where

a—,(Q')
P=CpaMs(Q') 1+ Ci+

any unique and general fashion. Consequently, our pro-
cedure for determining Q* is inapplicable; not all of the nf
dependence should be absorbed into a, (Q*). Since any
process involves gluon-gluon vertices in first order and
beyond, we presently can determine Q* only to lowest or-
der in a, /m. .
To illustrate our scale-fixing procedure and to explore

its implications, we examine briefly a number of well
known predictions of QCD.
e+e —+ hadrons. The ratio of the total cross section

into hadrons to the cross section for e+e —+p+p is
(s =Q )"

Q*=Q exp( 3A vp ),
33C) ———,Avp+B .

aMs(Q) aMs(lib) R + (Q )=3+e~ 1+ — + (1.98—0.115nf)
q

The term 33Avp/2 in C& serves to remove that part of the
constant B which renormalizes the leading-order coupling.
The ratio of these gluonic corrections to the light-quark
corrections is fixed by Pp= 11—', nf-
Several features of this procedure are worth noting.
(a) Two schemes that differ only by an nf-independent

rescaling give identical expansions in a, (Q ). Thus the
differences between MS and MS, for example, are ir-
relevant in this approach. Furthermore, aR(Q) could be
replaced by aR(Q/2) or aR(10 Q) in definition (6) with
no effect on the final results for any process p expressed in
terms of aR(Q*).
(b) If the MS scheme is replaced by another for which

~vsa, (Q) =aMs(Q) 1+ (Dpp+&)+

+ 0 ~ ~ (13a)

aMs«) aMs'«*)~3+eq 1+ + 0.08
q 7T

+ 0 4 ~ (13b)

where from Eq. (11), Q*=0.710Q. Notice that aR(Q)
[Eq. (6)] differs from aMs(Q') by only 0.08aMs/m. , so that
aR(Q) and aMs(0. 71Q) are effectively interchangeable (for
any value of nf ).
Deep-inelastic scattering. The moments of the nonsing-

let structure function Fq(x, Q ) obey the evolution equa-
tion'

~~s=a—(Qe ) 1+ F.+.. . (12) Q lnM„(Q )
dQZ

where D and E are nf independent, then the first-order
coefficients for all processes are shifted by —E:
C~ ~ C~ —E. Differences between first-order coefficients
are scheme independent. Thus, for a poorly chosen
scheme, the coefficients for most processes will be large
and have the same sign. On the other hand, if several pro-
cesses have convergent expansions (i.e., C~ small) in some
scheme, then this will still be true in the physical scheme
defined in terms of any one of these processes [see Eq. (6)].
(c) The leading-order scale is determined solely by Avp,

which comes from quark vacuum-polarization insertions.
This is usually all that need be computed to make a mean-
ingful leading-order prediction, as we show below.
(d) Equation (1 la) is a particularly convenient way to

present perturbative results since all flavor dependence is
implicit in the definition of a—s.
The automatic scale-fixing procedure determines a

natural expansion parameter aMs(Q') for the majority of
interesting processes in QCD. However, reactions with
gluon-gluon couplings in leading order are more difficult
to analyze because quark loops appear in the first-order
radiative corrections to the gluon-gluon vertex as well as
in propagator insertions. It seems difficult if not impossi-
ble to separate the divergent part of the vertex, which re-
normalizes o.„from the finite process-dependent part in

Vn MS PPPn+yn(1)

8rr rr y„
aMs + 4 (p) + (14a)

(oj
aMs(Q. ) '—Xn aMs«.*)

~ ~ ~ (14b)

P rl, ~ hadrons)
r(q, qq)

2
2 Ms "I. Ms1+ (17.13—9 rlf )

O'@ED

(15a)

where, for example,

Q p
——0.48Q, Cp ——0.27,

Q*,p ——0.21Q, C,p——1.1 .
For n very large, the effective scale here becomes
Q„*—Qlv n, which is exactly what was found in Ref. 13
by a detailed study of the kinematics of deep-inelastic
scattenng.
g, decay. The ratio of the g, width into hadrons to

that into yy is (nf =3),'
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S.Brodsky, P. Lepage, P.Mackenzie (1983) BLM

S.Brodsky, V.Fadin, VK, L.Lipatov, G. Pivovarov(99) BFKLP

LO Abelian -> LO non-Abelian
MSbar-scheme -> MOM scheme 3g-vertex
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BFKLP (generalized BLM) works for non-Abelian cases 
NLL BFKL and Y->ggg decay  

             Naïve BLM application does not work (!): 
                   -  NLL BFKL in Msbar scheme
                - Upsilon ->ggg  decay in NLO in MSbar scheme 

  MSbar-scheme: nonphysical RG scheme (!)
  numerically close to V-scheme (heavy quark potential) – Abelian in LO 

   physical RG scheme: MOM scheme (gauge dependent)

    - NLL BFKL                   <- non-Abelian in LO
    - Upsilon ->ggg  decay  <- non-Abelian in LO
   
   one can use MOM-scheme based on ggg-vertex non-Abelian in LO

        BLM generalized for non-Abelian case:
 S.J. Brodsky, V.S. Fadin, VK, L.N. Lipatov, G.B. Pivovarov(98-99) BFKLP
  BFKLP: NLL BFKL + resummation of running coupling aS 

BLM resummation depends on non-Abelian structure in LO   
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BFKLP: NLL BFKL within generalized BLM

any finite-order perturbative results, contain both renormalization scheme and renormal-
ization scale ambiguities. The NLO BFKL calculations2,3 were performed by employing
the modified minimal subtraction scheme (MS) to regulate the ultraviolet divergences
with arbitrary scale setting.

In this work we consider the NLO BFKL resummation of energy logarithms2,3 in
physical renormalization schemes in order to study the renormalization scheme depen-
dence. To resolve the renormalization scale ambiguity we utilize Brodsky–Lepage–
Mackenzie !BLM" optimal scale setting.4 We show that the reliability of QCD predic-
tions for the intercept of the BFKL Pomeron at NLO when evaluated using BLM scale
setting within non-Abelian physical schemes, such as the momentum space subtraction
!MOM" scheme5 or the # scheme based on #→ggg decay, is significantly improved
compared to the MS scheme result.2,3

We begin with the representation of the MS-result of NLO BFKL2,3 in physical
renormalization schemes. The eigenvalue of the NLO BFKL equation at transferred
momentum squared t!0 in the MS scheme2,3 can be represented as the action of the
NLO BFKL kernel !averaged over azimuthal angle" on the leading order eigenfunctions
(Q2

2/Q1
2)"1/2#i$ !Ref. 2":
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is the function related with the leading order eigenvalue, )!*!/* denotes the Euler )
function, the $ variable is conformal weight parameter,6 NC is the number of colors, and
Q1,2 are the virtualities of the reggeized gluons.

The calculations of Refs. 2 and 3 allow us to decompose the NLO coefficient rMS of
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any finite-order perturbative results, contain both renormalization scheme and renormal-
ization scale ambiguities. The NLO BFKL calculations2,3 were performed by employing
the modified minimal subtraction scheme (MS) to regulate the ultraviolet divergences
with arbitrary scale setting.

In this work we consider the NLO BFKL resummation of energy logarithms2,3 in
physical renormalization schemes in order to study the renormalization scheme depen-
dence. To resolve the renormalization scale ambiguity we utilize Brodsky–Lepage–
Mackenzie !BLM" optimal scale setting.4 We show that the reliability of QCD predic-
tions for the intercept of the BFKL Pomeron at NLO when evaluated using BLM scale
setting within non-Abelian physical schemes, such as the momentum space subtraction
!MOM" scheme5 or the # scheme based on #→ggg decay, is significantly improved
compared to the MS scheme result.2,3

We begin with the representation of the MS-result of NLO BFKL2,3 in physical
renormalization schemes. The eigenvalue of the NLO BFKL equation at transferred
momentum squared t!0 in the MS scheme2,3 can be represented as the action of the
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It is shown that the next-to-leading order !NLO" corrections to the
QCD Pomeron intercept obtained from the Balitsky–Fadin–Kuraev–
Lipatov !BFKL" equation, when evaluated in non-Abelian physical
renormalization schemes with Brodsky–Lepage–Mackenzie !BLM"
optimal scale setting, do not exhibit the serious problems encountered
in the MS scheme. A striking feature of the NLO BFKL Pomeron
intercept in the BLM approach is that it yields an important approxi-
mate conformal invariance. © 1999 American Institute of Physics.
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The discovery of rapidly increasing structure functions in deep inelastic scattering at
HERA at small-x is in agreement with the expectations of the QCD high-energy limit.
The Balitsky–Fadin–Kuraev–Lipatov !BFKL"1 resummation of energy logarithms is an-
ticipated to be an important tool for exploring this limit. The highest eigenvalue, %max, of
the leading order BFKL equation1 is related to the intercept of the Pomeron which in turn
governs the high-energy asymptotics of the cross sections: &'s(IP!1"s%max. The BFKL
Pomeron intercept in LO turns out to be rather large: ( IP!1"%L

max"12 ln 2 ((S /))
!0.55 for (S"0.2; hence, it is very important to know the next-to-leading order !NLO"
corrections.

Recently the NLO corrections to the BFKL resummation of energy logarithms were
calculated; see Refs. 2 and 3 and references therein. The NLO corrections2,3 to the
highest eigenvalue of the BFKL equation turn out to be negative and even larger than the
LO contribution for (S#0.157. However, one should stress that the NLO calculations, as
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BFKLP: NLL BFKL within generalized BLM
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Figures 1 and 2 and Table II give the results for the eigenvalue of the NLO BFKL
kernel. We have used the QCD parameter )!0.1 GeV which corresponds to *S
!4+/'$0ln(Q2/)2)(%0.2 at Q2!15GeV2.

One of the striking features of this analysis is that the NLO value for the intercept of
the BFKL Pomeron, improved by the BLM procedure, has a very weak dependence on
the gluon virtuality Q2. The minor Q2 dependence obtained leads to approximate scale
and conformal invariance. Thus one may use conformal symmetry6,10 for the continuation
of the present results to the case t,0.

Note that the application of fast apparent convergence11 and the principle of minimal
sensitivity12 to the NLO BFKL eigenvalue problem lead to difficulties with the conformal
weight dependence, an essential ingredient of BFKL calculations.13

It is worth noting also that since the BFKL equation can be interpreted as the
‘‘quantization’’ of a renormalization group equation10 the effective scale should depend

FIG. 2. Q2 dependence of the BFKL Pomeron intercept in the NLO. The notation is as in Fig. 1.

TABLE II. The NLO BFKL Pomeron intercept in the BLM scale setting within non-Abelian physical
schemes.

Scheme rBLM(0) * IP
BLM"1!-BLM(Q2,0)

(NF!4) Q2!1 GeV2 Q2!15 GeV2 Q2!100 GeV2

MOM .!0 "13.05 0.134 0.155 0.157

.!1 "12.28 0.152 0.167 0.166

.!3 "11.74 0.165 0.175 0.173

/ "14.01 0.133 0.146 0.146
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BFKLP: NLL BFKL within generalized BLM
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next-to-leading log approximation  (NLL) BFKL 
MSbar-renormalization scheme: large corrections

 S.J. Brodsky, V.S. Fadin, VK, L.N. Lipatov, G.B. Pivovarov(98-99) BFKLP
BFKLP: NLL BFKL + resummation of running coupling aS

                                    in physical renormalization scheme

BFKLP: Conformal BFKL kernel in NLL -> SUSY N=4 
Pomeron intercept: aР=1.2 - 1.3
Cross section: σ0 (S/S0) (aP-1)     aP = 1 + C aS 
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BFKL observables

Heavy quark production
I.I. Balitsky, L.N. Lipatov (1978) 

Inclusive jet 
M.G. Ryskin (1980) 

Lepton pair production  
M.G. Ryskin,  E.M. Levin (1981)

Deep inelastic processeses -> small-x physics 
unitarization -> small-x shadowing
L.V. Gribov, M.G. Ryskin,  E.M. Levin (1981-83)

Most forward/backward (Mueller-Navelet) dijets: 
x-section ~ exp(|Δ|y)  
A. Mueller & H. Navelet, Nucl. Phys. B (1987) 
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BFKL direct observable:
dijet with large rapidity separation between jets

Most forward/backward (Mueller-Navelet) dijets: x-section ~ exp(|Δ|y)  
A. Mueller & H. Navelet, Nucl. Phys. B (1987) 

Most forward/backward (Mueller-Navelet) dijets: azimuthal decorrelations  
V. Del Duca & C. Schmidt, Phys. Rev. D (1994)
W.J. Stirling, Nucl. Phys. B (1994) 
 
Inclusive dijets
VK & G.B. Pivovarov, Phys. Rev. D (1996) 
 

Jet production

GLAPD: ordering on кТ
               у – no ordering

BFKL: ordering on y 
            кТ – no ordering
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CMS: dijet “K-factor”

GLAPD

Page 4 of 18 Eur. Phys. J. C (2012) 72:2216

Fig. 1 Ratios of the inclusive to exclusive dijet cross sections as a
function of the rapidity separation |!y| between the two jets, Rincl

(top panel) and RMN (bottom panel), compared to the predictions of the
DGLAP-based MC generators PYTHIA6, PYTHIA8 and HERWIG++, as
well as of CASCADE and HEJ+ARIADNE, which incorporate elements
of the BFKL approach. The shaded band indicates the size of the total
systematic uncertainty of the data. Statistical uncertainties are smaller
than the symbol sizes. Because of limitations in the CASCADE genera-
tor, it was not possible to obtain a reliable prediction for |!y| > 8

The Monte Carlo generators CASCADE (version 2.2.03)
[41] and HEJ (version 1.3.2) [42] are motivated by the
leading-logarithmic BFKL approach and incorporate parts
of a next-to-leading logarithmic approximation. The HEJ

generator produces parton-level jets; the corresponding
showers were produced with the ARIADNE program [43].
The HEJ+ARIADNE package [44] version 0.99b, consisting
of HEJ 1.3.2 and ARIADNE 4.12, was used.

The ratio Rincl of inclusive to exclusive dijet production
as a function of |!y| is presented in Fig. 1 (top panel). On
average the inclusive cross section is 1.2–1.5 times larger
than the exclusive cross section. The ratio Rincl grows with
increasing |!y|, as expected because of the larger phase
space for hard parton radiation. At the highest |!y|, Rincl

is expected to decrease because energy-momentum conser-
vation suppresses the emission of extra jets. The |!y| value

Fig. 2 Predictions for Rincl (top) and RMN (bottom) from DGLAP-
based MC generators presented as ratio to data corrected for
detector effects. Both BFKL-motivated generators CASCADE and
HEJ+ARIADNE (not shown) lead to a MC/data ratio well above unity.
The shaded band indicates the size of the total systematic uncertainty
of the data while statistical uncertainties are shown as bars

where Rincl starts to decrease varies from one MC generator
to another, as can be seen in Fig. 1.

The predictions from PYTHIA6 and PYTHIA8 agree with
the measurement. HERWIG++ overestimates the ratio Rincl

at medium and large rapidity intervals. A detailed compar-
ison between the data and the predictions of the DGLAP-
based MC generators is presented as a ratio in Fig. 2 (top
panel). It was checked explicitly that the results obtained
from PYTHIA6 and HERWIG++ at parton level are close to
the corresponding ones at stable-particle level. The different
behaviour of PYTHIA6 and HERWIG++ is also observed at
parton level.

The ratio RMN and the corresponding MC to data ratio
are presented in the bottom panels of Figs. 1–2. At large
|!y|, RMN approaches Rincl as extra jet radiation contribut-
ing to Rincl tends to concentrate at moderate rapidities. The
quality of the predictions of the DGLAP-based MC gener-
ators for RMN is similar to those for Rincl. The MC gener-
ators CASCADE and HEJ+ARIADNE considerably overesti-
mate the measurements of both Rincl and RMN.
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Dijets: <cos> vs NLL BFKL+BFKLP

CMS (2016) 
7 TeV, pT_min = 35 GeV
Δy = |  | < 9.4

 23

2012 LHC Days (Split, Croatia 1-6 October 2012)Bryan Dahmes (University of Minnesota) 7

Dijets

Search for resonances
in dijet mass distribution

Recover jets from
final state radiation: merge

nearby (ΔR < 1.1) jets
with highest pT jets

Highest mass candidate (4 TeV)

EXO-11-094, 7 TeV

NLL BFKL + BFKLP (2014)
B. Ducloue, L. Szymanowski & S. Wallon

Ivan Pozdnyakov, ITEP 36 

Final Plots 

3.04 Ivan Pozdnyakov, ITEP 5

Fitting function 
par[0]*exp(par[1]*x^8+ par[2]*x^6 +

 par[3]*x^4+ par[4]*x^2)
x = ∆φ
Initial for par[0] = 0.01
NDF = N_bins — N_params = 10 — 5 = 5

Chi^2  = 17.4572

Chi^2  = 8.04346

Chi^2  = 12.9047

3.04 Ivan Pozdnyakov, ITEP 5

Fitting function 
par[0]*exp(par[1]*x^8+ par[2]*x^6 +

 par[3]*x^4+ par[4]*x^2)
x = ∆φ
Initial for par[0] = 0.01
NDF = N_bins — N_params = 10 — 5 = 5

Chi^2  = 17.4572

Chi^2  = 8.04346

Chi^2  = 12.9047



”HEP&FT’2024”, NRC KI – IHEP, Protvino, 23-25 July 2024   Victor Kim         NRC KI - PNPI

ITEP NRC KI

Dijets: <cos2/>/<cos>) vs NLL BFKL + BFKLP

CMS (2016)
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Figure 7: On the left measured ratio C2/C1 as a function of rapidity difference Dy is compared
to LL DGLAP parton shower generators. In addition comparison with predictions of NLO gen-
erator POWHEG interfaced with LL DGLAP generators PYTHIA 6 and PYTHIA 8 is shown. On
the right the ratio is compared to MC generator SHERPA with parton matrix element matched to
LL DGLAP parton shower, LL BFKL - inspired generator HEJ with hadronisation by ARIADNE
and analytic NLL BFKL calculations at the parton level.

 y∆
0 1 2 3 4 5 6 7 8 9

2
/C 3

C

0.4

0.5

0.6

0.7

0.8

0.9

1

DATA
PYTHIA 6  Z2
PYTHIA 8  4C
HERWIG++ 2.5
POWHEG+PYTHIA 6
POWHEG+PYTHIA 8

-1Ldt = 5 pb∫ = 7 TeV, sCMS, 

 > 35 GeV, |y| < 4.7TP

Mueller-Navelet dijets

 y∆
0 1 2 3 4 5 6 7 8 9

2
/C 3

C

0.4

0.5

0.6

0.7

0.8

0.9

1

DATA
SHERPA 1.4
NLL BFKL
HEJ+ARIADNE

-1Ldt = 5 pb∫ = 7 TeV, sCMS, 

 > 35 GeV, |y| < 4.7TP

Mueller-Navelet dijets

Figure 8: On the left measured ratio C3/C2 as a function of rapidity difference Dy is compared
to LL DGLAP parton shower generators. In addition comparison with predictions of NLO gen-
erator POWHEG interfaced with LL DGLAP generators PYTHIA 6 and PYTHIA 8 is shown. On
the right the ratio is compared to MC generator SHERPA with parton matrix element matched to
LL DGLAP parton shower, LL BFKL - inspired generator HEJ with hadronisation by ARIADNE
and analytic NLL BFKL calculations at the parton level.

BFKL conformal feature: cosine ratio 
A. Sabio Vera et al (2007)
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MN dijets within NLL BFKL improved by BFKLP 

NLL BFKL + BFKLP prediction: strong energy dependence
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A. Egorov & V.K. (2023)

12/09/2023-СЕМИНАР ОФВЭ ПИЯФ                                        АНАТОЛИЙ Ю. ЕГОРОВ (ПИЯФ/СПБПУ)                            

Первое сравнение: СГЛП БФКЛ для МН сечений при 2.76 ТэВ

24

[Phys. Rev. D 108 (2023) 014010]

• СГЛП БФКЛ расчет согласуется с данными при больших  

• Все другие расчеты основанные на  ГП+ГЛП ГЛАПД переоценивают данные CMS при больших  
(Born, PYTHIA8, HERWIG [JHEP03(2022)189]) 

• СГП+ГЛП ГЛАПД POWHEG+PYTHIA8/HERWIG переоценивает CMS данные при больших  
[JHEP03(2022)189].

Δy
Δy

Δy

А. Ю. Е. and В. Т. Ким

2012 LHC Days (Split, Croatia 1-6 October 2012)Bryan Dahmes (University of Minnesota) 7

Dijets

Search for resonances
in dijet mass distribution

Recover jets from
final state radiation: merge

nearby (ΔR < 1.1) jets
with highest pT jets

Highest mass candidate (4 TeV)

EXO-11-094, 7 TeV

CMS (2022)
2.76 TeV, pT_min = 35 GeV

NLL BFKL with BFKLP  F. Caporale, D.Yu. Ivanov, B. Murdaca, A. Papa,
Phys. Rev. (2015)

NLL BFKL with BFKLP: 2.76 TeV dijet x-section  A. Egorov & VK 
                                                                                 Phys. Rev. (2023)
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MN dijet x-section ratio within NLL BFKL with BFKLP:

   collision energy dependence at LHC 

NLL BFKL with BFKLP prediction: strong energy dependence

26

A. Egorov & VK, Phys. Rev. D (2023)

12/09/2023-СЕМИНАР ОФВЭ ПИЯФ                                        АНАТОЛИЙ Ю. ЕГОРОВ (ПИЯФ/СПБПУ)                            

СГЛП БФКЛ для отношений МН сечений при 
разных энергиях,  = 35 ГэВ/сp⊥min

27

13/2.76 8/2.76 13/8

[Phys. Rev. D 108 (2023) 014010]А. Ю. Е. and В. Т. Ким

• СГЛП БФКЛ предсказывает наибыстрейший рост с  

• Предсказания  ГЛАПД и БФКЛ расчетов хорошо разделимы при больших  

• Эти отношения чувствительны к эффектам БФКЛ
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Direct NLL BFKL manifestation•

CMS dijet production with large rapidity separation            
between jets  A. Egorov & VK, Phys. Rev. D (2023)

->  Some indication on BFKL in exclusive dijets production
•        at LHC 13 TeV at CMS:
•       Mueller-Tang (MT) dijets

è Some indication with NLL BFKL (BFKLP improved) in Mueller-Navelet (MN) and 
inclusive dijet in x-section ratios and azimuthal decorrelations at LHC 7 TeV 

•       MN and inclusive dijet   

->  The new observation of NLL BFKL (BFKLP improved) in dijets  
•        in at LHC 2.26 TeV 
•       MN dijet x-sections  
•                                
•    Prediction for dijet observables:
•     - MN dijet x-section energy ratios 8/2.76, 13/2.76 13/8  
•      - K-factor with extra jet veto, number of extra jets, … ?
•         LHC Run 3 at 13.6 TeV ?!
•                
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Pomeron in pQCD: established NLL BFKL
                                             in dijets

 
    New Physics:
- new particles and interactions beyond SM
- new dynamics within SM

New dynamics within SM:
- phase transitions at dense baryon matter
- 

     NB. New Physics beyond SM should manifest above
             new high energy SM dynamics!



”HEP&FT’2024”, NRC KI – IHEP, Protvino, 23-25 July 2024   Victor Kim         NRC KI - PNPI

ITEP NRC KI

LL BFKL remarkable properties
 

2D-conformal properties
BFKL(Schredinger eq) as ”quantization”of RG-DGLAP (Euler-Lagrange eq)
L.N. Lipatov (1986)

Effective action for reggeized gluons
L.N. Lipatov (1995)

LL BFKL 2D-conformal block symmetry: 
Feynman-like rules for inclusive x-sections
VK, G.B. Pivovarov (1997)

LL BFKL 2D-conformal block symmetry
H. Navelet, R. Peschanski (1998-1999)

Effective Regge QCD: gluon intercept as RG constant
VK, G.B. Pivovarov (1997)

Feynman rules for Reggeized gluons
E.N. Antonov, E.A. Kuraev, L.N. Lipatov, I. Cherednikov (2005)
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LL BFKL motivated approaches
 

   

LL BFKL Pomeron 
2D conformal symmetry and 1/N expansion
➥ factorization into integrable theory
high-energy QCD -> integrable system!
L.N. Lipatov (1994)
L.D. Faddeev, G.P. Korchemsky (1994)

LL BFKL Pomeron with 1/N expansion 
Dipole Pomeron
A.H. Mueller (1994)
N.N. Nikolaev, B.G. Zakharov (1994)

Reggeon field theory with BFKL Pomeron 
E.M. Levin, A. Kovner, M. Lublinsky (2024)
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LL BFKL motivated approaches
 

kT-factorization
S. Catani, M. Ciafaloni, F. Hautmann (1991)  
J.C. Collins, R.K. Ellis (1991)
E.M. Levin, M.G. Ryskin, Yu. Shabelski, M.G. Shuvaev (1991)
G. Salam, H. Jung, N. Raicevic
S.P. Baranov, A.V. Lipatov, M.A. Malyshev, N.P. Zotov, G.I. Lykasov,
V.A. Saleev,  A. Shipilova, A. Nefedov, …
 
CCFM evolution: interpolates with color coherence
between LL BFKL and DGLAP 
M. Ciafaloni (1988), S. Catani, F.  Fiorani, G. Marchesini (1990)  

KMR evolution: interpolates between LL BFKL and DGLAP 
M.A. Kimber, A.D. Martin, M.G. Ryskin (1999)
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Pomeron and Reggeon applications
 

   

LL BFKL Pomeron for diffractive physics:
double-Pomeron exchange for dijet, Higgs boson production
V.A. Khoze, M.G. Ryskin, A.D. Martin (1997-2006)

Pomeron and Reggeon calculus for various processes
V.A. Petrov, R.A. Ryutin, A.A. Godizov
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NLL BFKL motivated approaches
 

    
SUSY N=2 NLL BFKL Pomeron
A.V. Kotikov, L.N. Lipatov (2000)

AdS/CFT-correspondence test with anomalous dimensions
A.V. Kotikov, L.N. Lipatov, A. Onischenko, V. Velizhanin (2002-2006)

Graviton-Pomeron duality
C.-I. Tan, C. Brower (2006) 
L. Alvarez-Gaume et al. (2007) 
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Pomeron in nonpertubative QCD
 

    
Pomeron by quark and gluons condensates
P.V. Landshoff, O. Nachtmann (1987)

Non-planar Pomeron in QCD with 1/N expansion:
       G.Veneziano (1977)
    - dual parton model
      A.Capella, J. Tran Tanh Van (1981)
     - quark-gluon string model (QGSM)
      A.B. Kaidalov, K.A. Ter-Martirosyan (1982)

Unitarity with 1/N expansion for saturation limit
Balitsky-Kovchegov equation                  with αS ➞ 0: reproduces BFKL 
I.I. Balitslky (1996)     Yu. Kovchegov (1999, 2000)

Color Glass Condensate evolution for saturation limit 
                                                                    with αS ➞ 0: reproduces BFKL 
L. McLerran, R. Venugopalan (1994) H. Weigert, A. Kovner, A. Leonidov (2001)
F. Gelis, E. Iancu, J. Jalilian-Marian, R. Venugopalan (2010)
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Summary
 

    
 n BFKL reproduces main classical Pomeron properties 
bringing new remarkable features: conformality,
integrability, AdS/CFT duality, holographic properties …
        
n NLL BFKL manifests in dijet production with
 large rapidity separation in CMS data at LHC 2.76 TeV 

n New Physics beyond SM should manifest within
       BFKL: the new high energy SM dynamics!


