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Motivation

- Confinement problem
Cofinement is one of the most fundamental properties of strong interactions

and of the theory describing strong interactions — QCD. Still solid understanding of
Its microscopic nature is lacking

First-principle Monte Carlo simulations of QCD represent a useful tool to check
existing models of confinement, but also to provide new numerical “phenomenology”
and to stimulate new ideas about the mechanism of confinement.

- Relevance for charmonium

static quarks potential is used in computations of hyperfine splittings of heavy
quarkonium hybrids (Soto, Valls, Phys.Rev.D 108 (2023) 1, 014025)

- Confinement-deconfinement transition



- The bosonic string picture emerged to explain the Regge trajectories
Goddard, Goldstone, Rebbi, and Thorn, 1973; Goto, 1971

- Then Formulation of Lattice QCD by K. Wilson, “Confinement of Quarks”,
1974

- Kogut and Susskind came up with a picture of a flux tube (color string) that
connects the quarks while discussing lattice QCD: “Hamiltonian Formulation of
Wilson’s Lattice Gauge Theories”, 1975

- Eichten, Gottfried, Kinoshita, Kogut, Lane et al., “The Spectrum of

Charmonium” , 1975
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- The formation of string-like flux tubes in SU(N) gauge theories is not rigorously
proved, but the results obtained in lattice gauge theory provide evidence that this
physical picture is basically correct.

- Numerical simulations show that there is a linear confining potential between a static
quark and antiquark for distances equal to or larger than about 0.5 fm.

- This linear potential extends to infinite distances in gluodynamics, while in QCD only
to distances of about 1.3 fm, where string breaking takes place

- This long-distance linear quark-antiquark potential is naturally associated with a tube-
like structure (“flux tube”) of the chromoelectric field in the longitudinal
direction, i.e. along the line connecting the static quark and antiquark



Wilson loop

The contour C to compute
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Definitions

Cc

VC—ICI (T') :

f dx, A,(x)) }
C

Spectral representation:
<W(rt) >= Cye Pt 4 C e Fa(Mt 4

C,>0, 2C,=1

Ey(r) =V, (r) - ground state potential

Vaq(r) = —llm

- log <W(r,t + AL) >/< W(r,t >

The spatial link paths are typically changed using a smearing algorithm to approximate the
shape of the flux tube and thus obtain better overlap C, with the ground state potential



Definitions

The Polyakov loop on (Li/a)® x (L./a) lattice
Lt
1
P = —Tr| |w.@o
NC
t=a
its correlator (and respective spectral decomposition):

C(r,Ly) = Y; <P(X)PtE+7) >=Y,e Bl Mecro gna ypasuenus.

Potential
V() = - ;- log(C(r, L))



Definitions

To study the flux tube profile the following correlator is computed
1L {(TrO(s)Tr We) 1

O(s)w = -
3 {TI‘ Wﬂ} 3

(TrO)

W — Wilson loop
0(5) - Fuzv



Summary

Since the first studies of the flux tubes the accuracy and reliability of lattice

measurements in 3D and 4D SU(N) gauge theories has steadily improved, together

with much better control over systematic uncertainties:

- continuum limit a — 0 via extrapolation over few values of a

- finite volume effects

- extraction of the signal for the ground state from the correlator (smoothing, multi
level algorithm)

The dominating longitudinal chromoelectric field component E, in the transverse plane
at the midpoint of the line connecting the static quark and antiquark was studied very
iIntensively

The numerical results provide evidence that In the long-distance regime the heavy-
quark-antiquark static potential is well described in terms of an Effective String Theory
(EST)



Effective bosonic string theory prediction for static potential

J. F. Arvis, 1983
N (d—2)m (d—2)r  (d—2)*r?
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V(r) = or g + ~:

Luscher, 1980
Luscher, Weisz, 2004
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Static potential in SU(3) gluodynamics at three values of the lattice spacing.
Scale is fixed by Sommer parameter r, ~ 0.5fm; G.Bali, Phys.Rep. 2000
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Morningstar, Juge and Kuti, 2003

SU(3) gluodynamics, improved lattice action

- generalized Wilson loops for excited states,
relevant symmetry group — point group D,

- standard notation from the physics of diatomic
molecules by projection of angular momentum J

on the string axis

A=]Js-R =0,1,2,3, ...,

- respective states are labelled as X, 11, A, @, ...
- g and u are notations for parity

- Degeneracy at short distance correspond to
approximate O(3) symmetry

- Level crossings at intermediate distances R ~
1fm

- Correct EST orderingat R > 2 fm
- Approximate 1/R gaps between levels.
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B. Brandt, 2016:

“For (most of) the energy levels the
data shows a remarkable agreement
with the full LC predictions down to
small values of \/oR ~ 1, rather
than with its expansion in powers of
1/R, independently of the number
of dimensions and the gauge group”

Results from Brandt, 2021
For D=2+1, SU(2)
Three lattice spacings

The dotted lines are the predictions from the LC
spectrum
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String breaking in QCD

SESAM Collaboration, 2005
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https://inspirehep.net/literature?q=collaboration:SESAM

At T=0 EST predicts a Gaussian profile and a logarithmic broadening of the

width
wi (r/2) = 4 - Elﬂg (i) :

2o ro

At T>0 EST predicts linear broadening (f = 1/T):

) d-2  f d-2 P
2(0)9) = — oo — 4 —— p L (e 2/B
(/2 o % 2 drg T 480 r+0le )



Gliozzi, Pepe, and Wiese, 2010, 2+1 SU(2), T=0
(Left) Gaussian fit to the flux tube profile ; (Right) squared width vs. EST prediction
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Gliozzi, Pepe, and Wiese, 2010, 2+1 SU(2), T>0
squared width vs. EST prediction
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Dual superconductor

In the dual-superconductor model of confinement the flux tube appears due
to condensation of chromomagnetic monopoles as the generalization of
Abrikosov vortices of type Il superconductors.

Vortex and string pictures have distinct features. The vortex picture predicts
an exponential decrease of the field strength at the border of its core with a
constant penetration length, while the EST predicts a Gaussian shape and a
logarithmic growths of the width with increasing distance between static

quarks.

The possibility is that the flux tube consists of a solid, vortex-like, inner core,
while its long-distance dynamics is governed by the EST.

Thus, it is important to obtain precise lattice results for the flux tube profile.
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profile of the color-electric field(left) and profile of the
magnetic currents (right) in DLG .
Koma, 2001



Gubarey, llgenfritz, Polikarpov, Suzuki, 1999

0.03

By fitting SU(2) results for E, and kg to O

classical solution of dual Abelian Higgs
model they obtained: E,
m, = 1.31(8) GeV 002 1
my= 1.36(1) GeV *

Thus A = ¢, 0.01 -
border between type-l and ‘

type-Il superconductivity

O Electric field distribution, E_(p)
O Magnetic currents, kg(p)




Maximal Abelian gauge [t Hooft 1981)

MA gauge condition
(f:}“(*ik; 1 fkg;Ai(x)) Al(x)=0, k=1,2

solutions: extremums over gauge transformations of the
functional

FlA] = fd‘*x (AL + (A2)?)

Abelian projection:
AT - Aﬁ T3 (in observables)

Lattice formulation - by Kronfeld, Laursen, Schierholz, Wiese, 1989



Decomposition of the gauge field

*usual decomposition:
Uy (%) = € (0, (x),

C,(x)38U2)/U(1), u,(x)>U()

further decomposition of the Abelian field:

w,(x) = w,;"" (x)uﬁh (x)



definition of magnetic currents: ( DeGrand, Toussaint, 1980)

uu(x) = e!0ul®) I /
Q,uv(x) — augv(x) - a,ugv(x) !
physical flux: — ._,,H
g,uv(x) — qu(x) + 21 m,uv(x) j_ —
) /// ! ;
- < 0(x) <m,my,(x) =0,11,: l H

1 1 _
ku(x*) — zé‘uvaﬁav maﬁ(x) — Eewaﬁav Haﬁ(x)



Conservation law:

Z 0,k,(s")=0 s — site onadual lattice
I

Magnetic currents &, form closed loops,
these loops are combined into clusters



One can decompose the Abelian vector potential into monopole and
photon parts

AT"(x) =21y~ D(x — ¥)8,my, (x)
Y.
APt (x) = Au(x) — AT"(x)

uy " (x) = exp(iA;"" (x))

uf"(x) = exp(iAL"(x))

UT(x) = Uu(x)u/™(x)

- nonabelian gauge field with monopoles removed
(modified)

mod
UH



New decomposition:

U, () = U ()ug ™ (x)

One can study respective decomposition for physical observables, e.g.

V(r) vs. Vion (™) + Vioa(r)



ymon 4 ymod gnnroximates the nonabelian static
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potential with high accuracy at all distances.

SU(2) gluodanamics, 24* a = 0.08fm

VB, Polikarpov, Schierholz, Suzuki, Syritsyn 2005
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Recently we extended study of this decomposition:

- Continuum limit in SU(2) gluodynamics
- Universality

- SU(3) gluodynamics

- SU(2) QCD



SU(2) gluodynamics with Wilson action (vs, kudrov, Rogalyov )
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Relative deviation
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SU(2) gluodynamics with tadpole improved action
Universality

V(r)/sqgrt(c)
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Implications:

- Agreement at small distances implies that A,T‘)d(x) reproduces
perturbative part of V(r)

-The classical part of the hadron string action (or flux tube core)
is described by A" (x) while string vibrations (Luescher term)

are described by A7;°%(x)

- These two components of A, (x) are not correlated — this
should be demonstrated



Decomposition for action and energy density (from 2005 paper)
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Multiquark systems

Wilson loops for static baryon (operator with one junction) and tetraquark (operator with two
junctions) Bicudo, 2022



Abelian projected action
density for 3Q configuration

(top)

Its monopole component
(middle)

and photon component
(bottom)

DIK collaboration, 2004




transition to flux-tube formation occurs when the distance of the quarks from the centre of the
triangle is greater than 0.5 fm. The diameter of the flux tubes remains approximately constant
as the quarks move to large separations

Leinweber, Williams et al., 2007
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Evidence of flip-flop of the flux tube in the four static quarks system [151].

Depending on positions of the quarks and antiquarks, there are either flux tubes of two

mesons (left most) or the flux tube of a diquark-antidiquark tetraquark (right most).
Cardoso, Cardoso, Bicudo, 2012
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Qg = 2030 ~ 2040 ~ 2050 ~ 0.27

UQQ = T30 = 040 = 050
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