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Action:

S= /d4x (R— 0, ¢(r) 0" o(n).

Equations of motion:

G = B0 0(1) B (1) — = & 95 (1) 0 (1),

2
R/Ll/: u@(r)&/(p(r)a
V. V¥ p(r)=0.
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Introduction

FIJNW metric:
ds? = —fV dt? + F dr? + f177 r2 (d§? + sin® 0 do?),

Metric function:

2m
flr)=1— —.
@ !

This metric is not the most general solution for the action.

The metric has singularities at the following points:
0
Tsingularity =
2m
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Generalised three parameter metrics

The generalised three parameter metrics:

2
ds® = —f" dt* + f“k"(de +r2do?) + 7 r* do?,

Metrics functions:
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Generalised three parameter metrics

From Ryy = 0, to the first order of m = [F=1-—1.
From R,y =0, to the first order of m = pu+v=23.
pt+rv=1—~.

From R,y =0, to the second order of m = N(0) =siné.

Ri=0rp(Nrp(n), = w(f)ZW'”(l_Q;n)‘
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Generalised three parameter metrics

d 2
ds? = —f1dt? + 1 k¥ (T + 12 d9?) + £ 1 sin 0 d?,

:LL+V:17’Y’

Metrics functions:
2m 2m  m?sin’6
f(r)=1—-— — k(inr)=1—- — 4+ ———
(=1-"0 kro=1-""+75
parameters limits:
v=0, p=1-—vy = FIJNW metric
v=1-7% pn=~%—~, o(r)=0 = ~-metric
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Generalised three parameter metrics

ﬁzzfﬁdﬂ+(L+Zﬂ[Wk(@?+fdﬂ%mfﬂﬂ¥9wﬂ,

Metrics parameters:

pt+rv=1-1y,

Metrics functions:

_(m—2p)2 K m* + 16 p* — 8 m? p? cos(2«9)
S 'm+2p a (m+2p)*

8/38



Generalised three parameter metrics

Ricci scalar:
B 2(v2 +v—1)m?
St (r=2m)2 7Y (r2 = 2mr+ m? — m? cos? 0)”

Singularities points:

0 for v—vy <2
Fsingularity = § 2 M for v+vy<2
m (1 =+ cos6) for v>0
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Generalised three parameter metrics

Five dimensional metrics:

d 2
ds? = —f7 dt? + 1 k" (Lf 4 r2d0?) + r2 2 (sin2 0 dp? + cos? O cd)?),

1_
ptv=6  B=-L
Higher dimensions?
Metrics functions:
f(r):1_27,2n’ k(r, 0) = _27'2"+m S|n4(29)7

r r
3(1-72)—v 2m

R = 0rp(r) Orp(r) = o(r) = il 2 ) In(1 — r2 )
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Generalised three parameter metrics

Metrics limits:

five-dimensional JNW metric:
_1-7

v=0, p=—

five-dimensional y-metric:

3 1
V=1(1—72)7 u=1(372—2’v—1), p(r)=0

) —_—> 0 —————

A. Hajibarat, B. M, A. Azizallahi, arXiv: 2110.06667
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Generalised three parameter metrics

Ricci scalar in five dimensions:

. 2m? (27 +4pu+1-372)
P21-2043 (12 2 m) T (P = 2m 2 + m? sin?(26))

Singularities points:

0 for 2v —vy <3
Isingularity = § V 2m for Yy+2r<3

/m (1 £ cos(26)) for v >0

—_— 0 A

A. Azizallahi, B. M, A. Hajibarat, H. Anjomshoa, arXiv:2307.09328
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Generalised three parameter metrics

ds® = —f1dt> + (1 + %)2 [F# k¥ (dp? + p? d6?) + p° £ (sin® 0 dg?

+ cos? 0 dy?)],
m
r= p(l + ﬁ)?

Metrics parameters:

11—~
ptv=—5—

Metrics functions:
~ m*+16p% —8m? p* cos(46)

— 2,2
:(m : )27 k NG
(m+2p?) 13/38
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Generalised three parameter metrics

Three parameter metrics in toroidal coordinates:

ds® = —fdt? + ffdr 42 frde? 4 p2f s 3z;d¢,,

Metrics function:

) = o

Scalar field:

d—2v—(d—2)7v*> pu 2m
SO(r):\/ 4(d-3) 2 n(as):
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Generalised three parameter metrics

Three parameter metrics in flat coordinates:
f* kY

ds? = —F1dt? + T——dr® + 12 F' kY 6> + 62 r°F 73 do

d—4

1— 1*’7

""’27["_35 7, M+V:r37
i=1

Metrics functions:

2m 2m  (d—3)’m?262
f(r)= el k(r,0) = prr: + 3(d3)
Scalar field:

(d=2)(1-+*) v 2m
SD(r):\/ a3 3 "(e) 1538



Rotating three parameter metrics

Lewis-Weyl-Papapetrou (LWP) metric:
ds® = —f(dt — w dp)® + 1 [ (dp? + dZ) + p? dg?].

Coordinate transformations:

p=(¢ -1 (1=,

zZ=Xxy.

LWP metric in x and y coordinates:

ds® = —f(dt — w dp)’ +U; (70 _yz)(xj)—gl " 11};)

+ (€ = 1) (1 - y*) de?].
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Rotating three parameter metrics

From Rtt and Rt¢.

hw=0c(1—-y>)Ff20u Jw=oc(l-x>)Ff20wu.

From R, R,, and R,,:

Ok = "'+47TMX(X2 — 1) (0x ),

(= y?)
2 —1)?
dyn = --.+4w((X2_y)2)y(aX¢)2.

From 0, 0«n = 0.0, n:

/
1% =0 = cp:clln(

SOI/
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Rotating three parameter metrics

Ernst equations:
(e+e")Ae = 2( e)’
= 52 x2 -1
=5t x2

Ernst potential:
e="f+iu,
oc=vVm?— a2,

a = rotation parameter.
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Rotating three parameter metrics

Ernst potential:
6_(X—1)qx—1+(x2—1)’qd+
Cx+ 1 x+14(@-1)"9d]

di = —a® (x£ 1) hy h-(x* —1)79
+ialy(he +ho) =+ (hy — ho)],

h:l: = (X:I:y)2q7
a

m+o’
g=1—+.
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Rotating three parameter metrics

Metrics functions :

f=2
B’

w=-2 (a—i—a(g)),

1 2 A =11
2n
€ Z(1+ ) (2 — 1)I+a (Xz_y2) )
A=aya +b b, B=a+b,

C=(x+1)7[x(1=y)(A+ & ap +y(* = 1) (1 — X&) by,
ar = (x+1)7 [x(1-A€) £ (1+2¢)],

b =(xx1)7 [y(A+&F A -9,

)\:a(xz—l)*q (x+ y)?9, fza(xz—l)fq (x—y)?9.
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Rotating three parameter metrics

Coordinate conversion:

r—m cosf
X= —— = )
Vm? — 2 Y
Scalar field:
1_~2 _ o 2 2
Op=0, = (= 7 yln(r m m a).
2 r—m+vm? - a2
Ricci tensor:
0 0 0 0
R _ 0 Owpdrp 0 O
S ] 0 0 0
0 0 0 0
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Rotating three parameter metrics

Limits of metrics:

v=1- 72, w= 'y2 — = rotating ~y-metric

v=—u, ~v=1(g=0) = Bogush-Gal'tsov (BG) metric
v=1l—-v=—q, wpn=0 = rotating metric at v = —q

v=0 p=1-—v = rotating FJNW metric
R —_—0C O ———
I. Bogush, D. Gal'tsov, arXiv: 2001.02936

B. M, P.K Kangazian Kangazi, F. Sadeghi, arXiv: 2307.13588 22/38



Rotating three parameter metrics

Quasi Normal Modes (QNMs) for rotating JNW metric
by using light-ring method v =0, p =1 —~:

Quvw = (Q+ i) nw

1 1 11  a 2v3a
= + 22 (5)H?
J[3\/§m 3\/§m(54(m) + 9m
) 1 1 242
_qln3)]+/(n+§){3\/§m[1—27m2

—q|n3]}.
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Rotating three parameter metrics

QNMs for BG metric v =0, yu = —u:

Qec=(2+ilNpgg
1 1 11 a
:. :t e
J[3\/§m 3\@m(54(
) 1 1 2 42
+/(n+§){3\/§m[1—27m2—y(

-5}

2\/§a

Om

)+ )]

m

In2
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Rotating three parameter metrics

Comparison between stability of rotating JNW metric:
and BG metric:

|qunwl > |vBg| = ITovwl > [T gl

If the g parameter in the rotating JNW metric is greater than
or equal to the v parameter in the BG metric, the BG metric is
more stable compared to the rotating JNW metric.
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Charged three parameter metrics

Einstein-Hilbert action in the presence of an electromagnetic

field and a massless scalar field:

5:/d4x\/g[RFW FH + gt 0, 0, 4.

Field equations:
R;u/ = 8;”0(/’) 8V90(r) + TMV EM;
Ce(r) =0,

1
TE{)” =2F,%Foo — > 8w Fyo F77.
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Charged three parameter metrics

Ernst equations in the presence of the electromagnetic field:
(Re(e) + ®*) Ve =Ve.(Ve+20* V),
(Re(e) + @ *) V2O =V (Ve +20*V D).

Ernst potential:

e:=Ff— |0 +1x

® and y functions:

$ = /Qt—+-z)ﬁ¢,

dx VA, :=—p LA(VA, +wVA).
dxVyxi=—p tPVuw—2¢x Im(®* V).
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Charged three parameter metrics

LWP metric in (t, p, z, ¢) coordinate:
ds® = —f(dt —wdg)® + 1 [ (dp® + dZ) + p® d¢?].

three parameter metric in (t, r, 6, ¢) coordinate:
dr?

ot o)+ T do

ds® = —f"dt* + ' k¥ (
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Charged three parameter metrics

Harrison transformation:
€ , ae+

,: CD = .
1-2a*® —|al?e’ 1-2a*® —|af?e

€

Metrics functions:

=) =27y,

w=%® =0,

2y m? sin?0 ., 2r(r—2m)

=1 r(r—2m)] [m2[1—cos(29)]+2r[r—2M]]'
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Charged three parameter metrics

Harrison transformation:

1
f = o = .
ST R (r—2m) o — a2’ P (r—2m)— —|af?

Metrics functions:
[r(r -2 m)] K

[ —(r—2m)7 — ]a\z]?

f’ — 5/ + |(D/|2 —
X =0.
Vector potential:

,  ar(r—2m)?
o — a2 (r—2m)

5 dt+ 2~y maqy cosf do.
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Charged three parameter metrics

Transformations:

t
R=r1—lal’)+2mlal?, T= (1—7|a|2

)",

M
dm =2maqy, de = —2mag.

m:71+|a|27

e
€ =qtda, &=, p=V1-&



Charged three parameter metrics

Final charged metrics:

N ING [ldR2+R2d92]
K2 A

+ R2 K2 A7 sin? 0 dop?,

Metrics Functions:

L, 2M | @+
A=l TR
2M @ +ay (M- (g + qp)) sin® 0
z:].— e m e m
R m T R2 !
1 _ M(1— p)
K= (=) (1+pt[a+p - 5Py
(5,) (1 +pr [+ p)( =)

M(1+ p),~
- MOy
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Charged three parameter metrics

Vector potential:

F(R
A':(K)dt+ Gm~y Cos 0 dp,
9e (1+p) M,y
F(R) = 1—
Scalar field:

1 —~2 _ e m—Jm - =2
Op=0, = o= il Vln(r m M~ Ge q’")

N LT
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Charged three parameter metrics

Ricci scalar:
Y(r, 9)
2 K3 Al+uy2+v

R(r, 0) =

Singularities points:

0 for all pand v
T'singularity = § M == \/m2 - (q% + q%) for p> -1
m=+ /(m? — (g2 + q3,)) cos? for v > -2
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Charged three parameter metrics

Charged metric in the presence of a scalar field at v = 1:
(m? — q?) sin?6,,

2m }
r2—2m + g2

ds? = —(1— ==+~ )dt2+[

y [ dr?
1—2m/r+ q?/r?

+r? d02} + r? sin® 0 dop®.

In the absence of a scalar field (v = 0), the above metric becomes

the Reissner—Nordstrém metric.
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Conclusion:

v'The JNW metric is not the most general solution for the
Einstein-Hilbert action in the presence of a scalar field.

We derived a more general three parameter solution.

v The Janis-Newman method is not a suitable method for obtaining
the rotating JNW metric.
We obtained a class of rotating metrics that include the rotating

JNW metric using the Ernst’s method.
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v'By using Ernst's equations in the presence of an electromagnetic
field and also using Harrison's transformations, we were able to obtain

the three-parameter metric charged form in the presence of a scalar field.

V' A lot of new calculations can be done for the new three parameter

rotating metrics in the future.
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Thank You!
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