
1

D.Kazakov

BLTP JINR

24 November 2022 

RG Equations in NON-
RENORMALIZABLE Theories



Motivation:

• The Standard Model is renormalizable
• Gravity is not renormalizable

Non-renormalizable theories are not accepted due to:

• UV divergences are not under control - infinite number of new types of  divergences
• The amplitudes increase with energy (in PT) and violate unitarity

However:

• R-operation equally works for NR theories and leads to local counter terms
• Due to locality all higher order divergences are related to the lower ones

  These properties allow one to write down the RG equations for the 
scattering amplitudes, effective potential, etc  which sum up the leading 
divergences (logarithms)  and to find out the high energy/field behaviour 
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Statement: R0Gn is local, i.e. terms like logk µ2/✏m should cancel for any k and m

Consequence:

The leading divergences are governed by 1 loop diagrams!
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Two loop example
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• These statements are universal and are valid in non-renormalizable theories as well.

• The only difference is that the counter term         depends on kinematics and has to be 

integrated through the remaining one-loop graph.

• As a result           is not the square of          anymore but is the integrated square .

• This last statement is the general feature of any QFT irrespective of renormalizability
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Leading divergences 

Quartic vertices

Cubic vertices
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The Recurrence Relation

This is the generalized RG equation valid in any  (even non-renormalizable) theory!
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n A_n = - 2 A_n-1 - A_k A_n-1-k

• This is the general recurrence relation that reflects the locality of the counter 
terms in any theory 

• In renormalizable theories A_n is a constant and this relation  is reduced to the 
algebraic one

• In non-renormalizable theories A_n depends on kinematics and one has to 
integrate through the one loop diagrams

Taking  the sum one can transform the recurrence relation

into integro-diff equation
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Kazakov,20
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• Maximally supersymmetric gauge theory in D=6,8,10 dimensions  SYM

• Scalar field theory in D=4,6,8,10 dimensions  

• Gauge theory in D=4,6,8 dimensions YM

• Supersymmetric Wess-Zumino model with quartic superpotential  in 
D=4            

Examples:

D
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These are the toy models for (super) gravity - our aim



Perturbation Expansion for the 4-point 
Amplitudes for any D 
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Universal expansion for any D in maximal SYM due to

First UV div at 
L=[6/(D-4)] loops

IR finite

Dual conformal invariance
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SYM_D
S-channel
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Exact all-loop recurrence relation
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YM_D Both cubic and quartic vertices

Equation is more complicated but has the same main features
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Wess-Zumino modern in D=4
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RG Equations
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Effective Potential in Scalar Theory in D=4

<latexit sha1_base64="v8dq1BdTCaMMFQQpE01xqf3/QSY="></latexit>

Z(J) =

Z
D� exp

✓
i

Z
d4x L(�, d�) + J�

◆

<latexit sha1_base64="jhzQR1Vh2RymvzMyNVT6n1u3zPI=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8Ei1IUlkaJuhKIbcVXBXrANZTKdtEMnmTAzKZTQN3HjQhG3vok738Zpm4W2/jDw8Z9zOGd+P+ZMacf5tnIrq2vrG/nNwtb2zu6evX/QUCKRhNaJ4EK2fKwoZxGta6Y5bcWS4tDntOkPb6f15ohKxUT0qMcx9ULcj1jACNbG6tp2s3R/en3GOlz00ZPhrl10ys5MaBncDIqQqda1vzo9QZKQRppwrFTbdWLtpVhqRjidFDqJojEmQ9ynbYMRDqny0tnlE3RinB4KhDQv0mjm/p5IcajUOPRNZ4j1QC3WpuZ/tXaigysvZVGcaBqR+aIg4UgLNI0B9ZikRPOxAUwkM7ciMsASE23CKpgQ3MUvL0PjvOxelCsPlWL1JosjD0dwDCVw4RKqcAc1qAOBETzDK7xZqfVivVsf89aclc0cwh9Znz+9UpHM</latexit>

W (J) = �i logZ(J)

<latexit sha1_base64="hDPm/+AN02K4+FDDcATUlC+lM/s=">AAACEXicbVDLTgIxFO3gC/GFunTTSEyGhWTGEHVjQnShYYWJPBIGSad0oKHtTNqOgRB+wY2/4saFxrh1586/scAsFDxJ05Nz7s299/gRo0o7zreVWlpeWV1Lr2c2Nre2d7K7ezUVxhKTKg5ZKBs+UoRRQaqaakYakSSI+4zU/f7VxK8/EKloKO70MCItjrqCBhQjbaR21vauEefI9qIezV/Aul3OH3tUaNi5Lw5g2R7kJ4752tmcU3CmgIvETUgOJKi0s19eJ8QxJ0JjhpRquk6kWyMkNcWMjDNerEiEcB91SdNQgThRrdH0ojE8MkoHBqE0zywzVX93jBBXash9U8mR7ql5byL+5zVjHZy3RlREsSYCzwYFMYM6hJN4YIdKgjUbGoKwpGZXiHtIIqxNiBkTgjt/8iKpnRTc00LxtpgrXSZxpMEBOAQ2cMEZKIEbUAFVgMEjeAav4M16sl6sd+tjVpqykp598AfW5w8u5Jq7</latexit>

�(�) = W (J)�
Z

d4xJ(x)�(x)

<latexit sha1_base64="g/tw2rJzQumARuu0NefGKVA8/8I="></latexit>

L =
1

2
(@µ�)

2 � gV0(�)

<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

<latexit sha1_base64="UdzNR2ls8Aa+DDRMA9zPaWv2fFE=">AAACAnicbVBNS8NAEN34WetX1ZN4WSyCp5pIUY9FLx4r2A9o2rLZTNqlm03c3RRKKF78K148KOLVX+HNf+O2zUFbHww83pthZp4Xc6a0bX9bS8srq2vruY385tb2zm5hb7+uokRSqNGIR7LpEQWcCahppjk0Ywkk9Dg0vMHNxG8MQSoWiXs9iqEdkp5gAaNEG6lbOBx2hQsPCRtivyNwvWuf+W7cZx3jFe2SPQVeJE5GiihDtVv4cv2IJiEITTlRquXYsW6nRGpGOYzzbqIgJnRAetAyVJAQVDudvjDGJ0bxcRBJU0Ljqfp7IiWhUqPQM50h0X01703E/7xWooOrdspEnGgQdLYoSDjWEZ7kgX0mgWo+MoRQycytmPaJJFSb1PImBGf+5UVSPy85F6XyXblYuc7iyKEjdIxOkYMuUQXdoiqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AYBGWyA==</latexit>

vn ⌘ dnV0/d�
n

<latexit sha1_base64="tB7ixo+ZfhV2Xjl48037rJmiMlk=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEQSiJFHVZdOOyon1AEspkMmmGTiZhZqKUUPBX3LhQxK3f4c6/cdJmoa0H7uVwzr3MneOnjEplWd9GZWl5ZXWtul7b2Nza3jF397oyyQQmHZywRPR9JAmjnHQUVYz0U0FQ7DPS80fXhd97IELShN+rcUq8GA05DSlGSksD8+DOcR9pQCKkoJtG9LRo3sCsWw1rCrhI7JLUQYn2wPxygwRnMeEKMySlY1up8nIkFMWMTGpuJkmK8AgNiaMpRzGRXj49fwKPtRLAMBG6uIJT9fdGjmIpx7GvJ2OkIjnvFeJ/npOp8NLLKU8zRTiePRRmDKoEFlnAgAqCFRtrgrCg+laIIyQQVjqxmg7Bnv/yIumeNezzRvO2WW9dlXFUwSE4AifABhegBW5AG3QABjl4Bq/gzXgyXox342M2WjHKnX3wB8bnD7ijlVg=</latexit>

S[b�+ �]

Generating functional for Green functions

IPI generating functional

Legendre transformation

Effective action

Shifted Classical action

General scalar field theory in D=4

Vacuum diagrams
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<latexit sha1_base64="ljTvsAw8kzc/bjhvFVFMeFpUFjc="></latexit>

Diag ⇠ 1

✏
(
µ2

m2
)✏ ! 1

✏
� log

m2

µ2
, m2 = gv2(�)

Divergences and Log ф behaviour

The aim is to calculate the leading divergences  ~          in n-th order of PT 

The leading divergences                            The leading logs 

•  In non-renormalizable theories  divergences cannot be absorbed into the 
renormalization of the couplings and fields.

•  If they are subtracted some way one is left with infinite arbitrariness. 

• Coefficients of the leading divergences (logs) do not depend on this 
arbitrariness ! 

<latexit sha1_base64="ZDNb9m7jGtixeA3k96i3PM+jrR0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KokUdVl047KCfUATy2R60w6dzISZiVBD8FfcuFDErf/hzr9x2mahrQcuHM65l3vvCRNGlXbdb2tpeWV1bb20Ud7c2t7Ztff2W0qkkkCTCCZkJ8QKGOXQ1FQz6CQScBwyaIej64nffgCpqOB3epxAEOMBpxElWBupZx/6kcQk8/LMh0RRJvg9z3t2xa26UziLxCtIBRVo9Owvvy9IGgPXhGGlup6b6CDDUlPCIC/7qYIEkxEeQNdQjmNQQTa9PndOjNJ3IiFNce1M1d8TGY6VGseh6YyxHqp5byL+53VTHV0GGeVJqoGT2aIoZY4WziQKp08lEM3GhmAiqbnVIUNs4tAmsLIJwZt/eZG0zqreebV2W6vUr4o4SugIHaNT5KELVEc3qIGaiKBH9Ixe0Zv1ZL1Y79bHrHXJKmYO0B9Ynz8wjJW3</latexit>

1

✏n
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Recurrence relations for the leading poles

<latexit sha1_base64="YQKAGj2eyUfowjBMQlv+Un5BT+I="></latexit>

nSn =
1

2
v2D2Sn�1 +

1

4

n�2X

k=1

D2SkD2Sn�1�k, n � 2

<latexit sha1_base64="wyq+t+PSl1g9KVCric2/5+KqyrY="></latexit>

nSn =
1

4

n�1X

k=0

D2SkD2Sn�1�k, n � 1, S0 = V0

Action of R’-operation on divergent diagram

<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2
<latexit sha1_base64="etTeEQiOOstaVeraUvMI834/7lk=">AAAB8nicbVBNSwMxEM36WetX1aOXYBG8WHZLUY9FPXisaD9guyzZNG1Ds8mSzApl6c/w4kERr/4ab/4b03YP2vpg4PHeDDPzokRwA6777aysrq1vbBa2its7u3v7pYPDllGppqxJlVC6ExHDBJesCRwE6ySakTgSrB2NbqZ++4lpw5V8hHHCgpgMJO9zSsBK/m1YxQ9hJs+9SVgquxV3BrxMvJyUUY5GWPrq9hRNYyaBCmKM77kJBBnRwKlgk2I3NSwhdEQGzLdUkpiZIJudPMGnVunhvtK2JOCZ+nsiI7Ex4ziynTGBoVn0puJ/np9C/yrIuExSYJLOF/VTgUHh6f+4xzWjIMaWEKq5vRXTIdGEgk2paEPwFl9eJq1qxbuo1O5r5fp1HkcBHaMTdIY8dInq6A41UBNRpNAzekVvDjgvzrvzMW9dcfKZI/QHzucP4wyQXA==</latexit>

D2Sn�1
<latexit sha1_base64="AKdTGFNRe2XgXqlZQUi6fDDQRUI=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4KrulqMeiHjxWtB/SLks2zbahSXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wdD31209UaRbLBzNOqC/wQLKIEWys9HgTVNF9kI0mQansVtwZ0DLxclKGHI2g9NXrxyQVVBrCsdZdz02Mn2FlGOF0UuylmiaYjPCAdi2VWFDtZ7ODJ+jUKn0UxcqWNGim/p7IsNB6LELbKbAZ6kVvKv7ndVMTXfoZk0lqqCTzRVHKkYnR9HvUZ4oSw8eWYKKYvRWRIVaYGJtR0YbgLb68TFrVindeqd3VyvWrPI4CHMMJnIEHF1CHW2hAEwgIeIZXeHOU8+K8Ox/z1hUnnzmCP3A+fwAAcI/n</latexit>

D2Sk

<latexit sha1_base64="HBQaGsz5pJ5JUrxbOXUCapyu2fc=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KUol6EohePFe0HtDFstpt26WYTdjfFUvpXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bZya+sbm1v57cLO7t7+gX1YbKo4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGN7M/NaISsVi8aDHCfUi3BcsZARrI/l28d53r7qhxAS5VTTyK48V3y45ZWcOtErcjJQgQ923v7q9mKQRFZpwrFTHdRLtTbDUjHA6LXRTRRNMhrhPO4YKHFHlTea3T9GpUXoojKUpodFc/T0xwZFS4ygwnRHWA7XszcT/vE6qw0tvwkSSairIYlGYcqRjNAsC9ZikRPOxIZhIZm5FZIBNENrEVTAhuMsvr5Jmpeyel6t31VLtOosjD8dwAmfgwgXU4Bbq0AACT/AMr/BmTa0X6936WLTmrGzmCP7A+vwBYq+SvA==</latexit>

S1 =
1

4
v22
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RG pole equation for arbitrary potential
<latexit sha1_base64="d7wW2kg0ELC1TOXWIQkHrg8u0+I="></latexit>

⌃(z,�) =
1X

n=0

(�z)nSn(�)

<latexit sha1_base64="U7Qnadr7OidgHwQr+mhlhECiEtc=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0Woi5akFHUjFHXhsqJthSaWyWTSDp08mJkINeQr3Pgrblwo4lbc+TdO0yy09cCFwzn3cu89TsSokIbxrRUWFpeWV4qrpbX1jc0tfXunI8KYY9LGIQv5rYMEYTQgbUklI7cRJ8h3GOk6o/OJ370nXNAwuJHjiNg+GgTUoxhJJfX1KrQ8jnDiQuuaDnyUJu5DelrNRGg2YOWiX8+tw7t6Xy8bNSMDnCdmTsogR6uvf1luiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwCA1IT9EA+UTYSfZWCg+U4kIv5KoCCTP190SCfCHGvqM6fSSHYtabiP95vVh6J3ZCgyiWJMDTRV7MoAzhJCPoUk6wZGNFEOZU3QrxEKlEpEqypEIwZ1+eJ516zTyqNa4a5eZZHkcR7IF9UAEmOAZNcAlaoA0weATP4BW8aU/ai/aufUxbC1o+swv+QPv8AfVPnVc=</latexit>

d⌃

dz
= �1

4
(D2⌃)

2
<latexit sha1_base64="TlI+IrcgDqBHZ7X1UdtnJ4YWKLU=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhApSZqSoG6HoxmVFe4HOMGTSTBuaZIYkI5ShbnwVNy4UcetbuPNtTKddaPWHwMd/zuHk/GHCqNKO82UVFhaXlleKq6W19Y3NLXt7p6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLya1Nv3RCoaizs9SojPUV/QiGKkjRXYe94t7XNUcY69ZECPLlqBU8kpsMtO1ckF/4I7gzKYqRHYn14vxiknQmOGlOq6TqL9DElNMSPjkpcqkiA8RH3SNSgQJ8rP8gvG8NA4PRjF0jyhYe7+nMgQV2rEQ9PJkR6o+drE/K/WTXV07mdUJKkmAk8XRSmDOoaTOGCPSoI1GxlAWFLzV4gHSCKsTWglE4I7f/JfaJ1U3dNq7aZWrl/O4iiCfXAAKsAFZ6AOrkEDNAEGD+AJvIBX69F6tt6s92lrwZrN7IJfsj6+AfK+lUs=</latexit>

⌃(0,�) = V0(�)

<latexit sha1_base64="4aRIF6EAeZG4Dx+j6EuxgGvGBHU="></latexit>

Veff (g,�) = g⌃(z,�)|z!� g

16⇡2 log gv2/µ2 .

<latexit sha1_base64="cDE1ZcWl67SsW3i6SCfEAtAbEkE=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16WSyCp5JIUS9C0YvHCvYDmlA220m7dLMJuxulxv4ULx4U8eov8ea/cdPmoK0PBh7vzTAzz485U9q2v63Cyura+kZxs7S1vbO7V67st1WUSAotGvFIdn2igDMBLc00h24sgYQ+h44/vs78zj1IxSJxpycxeCEZChYwSrSR+uXK46UbSELx0IVYMZ5pVbtmz4CXiZOTKsrR7Je/3EFEkxCEppwo1XPsWHspkZpRDtOSmyiICR2TIfQMFSQE5aWz06f42CgDHETSlNB4pv6eSEmo1CT0TWdI9Egtepn4n9dLdHDhpUzEiQZB54uChGMd4SwHPGASqOYTQwiVzNyK6YiYJLRJq2RCcBZfXibt05pzVqvf1quNqzyOIjpER+gEOegcNdANaqIWougBPaNX9GY9WS/Wu/Uxby1Y+cwB+gPr8wcZ35Pq</latexit>

z =
g

✏

RG pole equation

Effective potential

<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

This a non-linear partial differential equation!
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<latexit sha1_base64="u63eiTccd3DGU7RiNmnBwXGvx40=">AAACBnicbVDLSsNAFJ34rPUVdSnCaBHqpiRS1I1QdOOygn1AE8NkOmmHTpJhZiKUkJUbf8WNC0Xc+g3u/BsnbRbaeuDCmXPuZe49PmdUKsv6NhYWl5ZXVktr5fWNza1tc2e3LeNEYNLCMYtF10eSMBqRlqKKkS4XBIU+Ix1/dJ37nQciJI2jOzXmxA3RIKIBxUhpyTMPBm3Pqjp8SE8uB04gEE7zxz3PUn6YeWbFqlkTwHliF6QCCjQ988vpxzgJSaQwQ1L2bIsrN0VCUcxIVnYSSTjCIzQgPU0jFBLpppMzMnislT4MYqErUnCi/p5IUSjlOPR1Z4jUUM56ufif10tUcOGmNOKJIhGefhQkDKoY5pnAPhUEKzbWBGFB9a4QD5HOQunkyjoEe/bkedI+rdlntfptvdK4KuIogX1wBKrABuegAW5AE7QABo/gGbyCN+PJeDHejY9p64JRzOyBPzA+fwCWTpiY</latexit>

gV0(�) = g
�p

p!

<latexit sha1_base64="r30TcGYA6JhEkCjDxhWafy6affU="></latexit>

⌃(z,�) =
�p

p!
f(z�p�4)

<latexit sha1_base64="Sd0YdBalEnD2X4gqIpxcHiKDKgo="></latexit>

f 0(y) = � 1

4p!

⇥
p(p� 1)f(y) + (p� 4)(3p� 5)yf 0(y) + (p� 4)2y2f 00(y)

⇤2

<latexit sha1_base64="YOGmNhXtGnK8JoGDwwgdDa1WmkE=">AAACGnicbZDLSgMxFIYz9VbrbdSlm2gRW9AyKUXdCEU3LivYC7RDyaSZNjRzIckIZZjncOOruHGhiDtx49uYaWehrQdCPv7/HJLzOyFnUlnWt5FbWl5ZXcuvFzY2t7Z3zN29lgwiQWiTBDwQHQdLyplPm4opTjuhoNhzOG0745vUbz9QIVng36tJSG0PD33mMoKVlvomgm7JKl+hU+iepHDWcwUmMUriWgJnHJbCM1ROYn1Vy4dJ3yxaFWtacBFQBkWQVaNvfvYGAYk86ivCsZRdZIXKjrFQjHCaFHqRpCEmYzykXY0+9qi04+lqCTzWygC6gdDHV3Cq/p6IsSflxHN0p4fVSM57qfif142Ue2nHzA8jRX0ye8iNOFQBTHOCAyYoUXyiARPB9F8hGWGdh9JpFnQIaH7lRWhVK+i8UrurFevXWRx5cACOQAkgcAHq4BY0QBMQ8AiewSt4M56MF+Pd+Ji15oxsZh/8KePrB64unPw=</latexit>

f(0) = 1, f 0(0) = �1

4

p(p� 1)

(p� 2)!

<latexit sha1_base64="sxOByKs/aNUqdoQrrgRF4+RzGBQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1jEurAktagboejGZQX7gDaWyXTSDp1MwsxECCG48VfcuFDErV/hzr9x2mahrQcuHM65l3vvcUNGpbKsbyO3sLi0vJJfLaytb2xumds7TRlEApMGDlgg2i6ShFFOGooqRtqhIMh3GWm5o+ux33ogQtKA36k4JI6PBpx6FCOlpZ65B72jUnx8edL1BMLJaZpUUk8L95WeWbTK1gRwntgZKYIM9Z751e0HOPIJV5ghKTu2FSonQUJRzEha6EaShAiP0IB0NOXIJ9JJJi+k8FArfegFQhdXcKL+nkiQL2Xsu7rTR2ooZ72x+J/XiZR34SSUh5EiHE8XeRGDKoDjPGCfCoIVizVBWFB9K8RDpLNQOrWCDsGefXmeNCtl+6xcva0Wa1dZHHmwDw5ACdjgHNTADaiDBsDgETyDV/BmPBkvxrvxMW3NGdnMLvgD4/MHhASVnA==</latexit>

f 0(y) = �3

2
f(y)2

<latexit sha1_base64="AxW/Ec+zpjgovaOHyi7FFaBz4zE=">AAACB3icbZDLSsNAFIZP6q3WW9SlIINFqAglqUXdCEU3LivYC7SlTKaTdujkwsxECCE7N76KGxeKuPUV3Pk2TtsstPWHgY//nMOZ8zshZ1JZ1reRW1peWV3Lrxc2Nre2d8zdvaYMIkFogwQ8EG0HS8qZTxuKKU7boaDYczhtOeObSb31QIVkgX+v4pD2PDz0mcsIVtrqm4duKT656roCk8ROE/t0hmdpUklRnPbNolW2pkKLYGdQhEz1vvnVHQQk8qivCMdSdmwrVL0EC8UIp2mhG0kaYjLGQ9rR6GOPyl4yvSNFx9oZIDcQ+vkKTd3fEwn2pIw9R3d6WI3kfG1i/lfrRMq97CXMDyNFfTJb5EYcqQBNQkEDJihRPNaAiWD6r4iMsA5C6egKOgR7/uRFaFbK9nm5elct1q6zOPJwAEdQAhsuoAa3UIcGEHiEZ3iFN+PJeDHejY9Za87IZvbhj4zPH80xmKg=</latexit>

f(y) =
1

1 + 3
2y

<latexit sha1_base64="LFyFjZhZwNU3pypX7PLhpVVpCHY="></latexit>

Veff (�) =
g�4/4!

1� 3
2

g
16⇡2 log

⇣
g�2

2µ2

⌘ .

Example I:  Power like Potential

p=4

<latexit sha1_base64="xzDzTGfraWPeE2lMN08rbEKLA9Y=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgxbArQb0IQS8eI5gHJGuYncwmQ2Znx5nZwLLkO7x4UMSrH+PNv3HyOGhiQUNR1U13VyA508Z1v53cyura+kZ+s7C1vbO7V9w/aOg4UYTWScxj1QqwppwJWjfMcNqSiuIo4LQZDG8nfnNElWaxeDCppH6E+4KFjGBjJT+97nfkgD1m8qwy7hZLbtmdAi0Tb05KMEetW/zq9GKSRFQYwrHWbc+Vxs+wMoxwOi50Ek0lJkPcp21LBY6o9rPp0WN0YpUeCmNlSxg0VX9PZDjSOo0C2xlhM9CL3kT8z2snJrzyMyZkYqggs0VhwpGJ0SQB1GOKEsNTSzBRzN6KyAArTIzNqWBD8BZfXiaN87J3Ua7cV0rVm3kceTiCYzgFDy6hCndQgzoQeIJneIU3Z+S8OO/Ox6w158xnDuEPnM8fcgGR5g==</latexit>

y = g�p�4
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<latexit sha1_base64="dpptTNqHP1knM9lhIIcvOYPa2kA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBItQN3WmFHUjFN24rGAf0A4lk2ba0ExmTDKFYeh3uHGhiFs/xp1/Y9rOQlsPXO7hnHvJzfEizpS27W8rt7a+sbmV3y7s7O7tHxQPj1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9sZ3M789oVKxUDzqJKJugIeC+YxgbSTXLyfnNwjFpl0k/WLJrthzoFXiZKQEGRr94ldvEJI4oEITjpXqOnak3RRLzQin00IvVjTCZIyHtGuowAFVbjo/eorOjDJAfihNCY3m6u+NFAdKJYFnJgOsR2rZm4n/ed1Y+9duykQUayrI4iE/5kiHaJYAGjBJieaJIZhIZm5FZIQlJtrkVDAhOMtfXiWtasW5rNQeaqX6bRZHHk7gFMrgwBXU4R4a0AQCT/AMr/BmTawX6936WIzmrGznGP7A+vwBcDyQmQ==</latexit>

f(y) = u(y)/y

<latexit sha1_base64="2H82AOgTx461RwJEX9fKiMIoOQY=">AAACAnicbVDLSgMxFM3UV62vUVfiJljEClJmpKgboejGZQX7gHYomTTThiaZIQ+hlOLGX3HjQhG3foU7/8ZMOwutHkg4Oedebu4JE0aV9rwvJ7ewuLS8kl8trK1vbG652zsNFRuJSR3HLJatECnCqCB1TTUjrUQSxENGmuHwOvWb90QqGos7PUpIwFFf0IhipK3UdfdMqZNw6B1feifQHKUPy+3td92iV/amgH+Jn5EiyFDrup+dXowNJ0JjhpRq+16igzGSmmJGJoWOUSRBeIj6pG2pQJyoYDxdYQIPrdKDUSztERpO1Z8dY8SVGvHQVnKkB2reS8X/vLbR0UUwpiIxmgg8GxQZBnUM0zxgj0qCNRtZgrCk9q8QD5BEWNvUCjYEf37lv6RxWvbPypXbSrF6lcWRB/vgAJSAD85BFdyAGqgDDB7AE3gBr86j8+y8Oe+z0pyT9eyCX3A+vgEbLpSz</latexit>

u(±0) = 0, u0(±0) = ±1

<latexit sha1_base64="nUYLBL1yNnvrwey6LL+lr/eG0Xk="></latexit>

yu0(y)� u(y) = � 1

4p!
[12u(y) + (p� 4)(p+ 3)yu0(y) + (p� 4)2y2u00(y)]2

<latexit sha1_base64="tJ9E51g9QXlyq5532ARpeFqtMQY="></latexit>

y ! � g

16⇡2
�p�4 log

g�p�2

µ2/(p� 2)!

p>4

y

u(y)

Example I:  Power like Potential
<latexit sha1_base64="u63eiTccd3DGU7RiNmnBwXGvx40=">AAACBnicbVDLSsNAFJ34rPUVdSnCaBHqpiRS1I1QdOOygn1AE8NkOmmHTpJhZiKUkJUbf8WNC0Xc+g3u/BsnbRbaeuDCmXPuZe49PmdUKsv6NhYWl5ZXVktr5fWNza1tc2e3LeNEYNLCMYtF10eSMBqRlqKKkS4XBIU+Ix1/dJ37nQciJI2jOzXmxA3RIKIBxUhpyTMPBm3Pqjp8SE8uB04gEE7zxz3PUn6YeWbFqlkTwHliF6QCCjQ988vpxzgJSaQwQ1L2bIsrN0VCUcxIVnYSSTjCIzQgPU0jFBLpppMzMnislT4MYqErUnCi/p5IUSjlOPR1Z4jUUM56ufif10tUcOGmNOKJIhGefhQkDKoY5pnAPhUEKzbWBGFB9a4QD5HOQunkyjoEe/bkedI+rdlntfptvdK4KuIogX1wBKrABuegAW5AE7QABo/gGbyCN+PJeDHejY9p64JRzOyBPzA+fwCWTpiY</latexit>

gV0(�) = g
�p

p!

<latexit sha1_base64="jloC5Xs4RE+4wFRYwoEYsq5/Ep4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHsbXbq9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmWdW7qJ7fn1dqN3kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI5wX5935mLcWnHzmEP7A+fwB2ueNhw==</latexit>

y = 0
<latexit sha1_base64="jloC5Xs4RE+4wFRYwoEYsq5/Ep4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791hMqzWP5aMYJ+hEdSB5yRo2VHsbXbq9ccavuDGSZeDmpQI56r/zV7ccsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx26oScWKVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE175GZdJalCy+aIwFcTEZPo36XOFzIixJZQpbm8lbEgVZcamU7IheIsvL5PmWdW7qJ7fn1dqN3kcRTiCYzgFDy6hBndQhwYwGMAzvMKbI5wX5935mLcWnHzmEP7A+fwB2ueNhw==</latexit>

y = 0

Discontinuity at y=0
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p=5 p=6

Example I:  Power like Potential

• Finite gap instead of an infinite barrier as for p=4
• Metastability of the quantum state
• No new minima
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<latexit sha1_base64="1PsYll4/Z3wWJ74upDwlPjbJE2Q="></latexit>

�2 <
16⇡2

g
=) log

g�4

4!µ2
< log

(16⇡2)2

24gµ2

<latexit sha1_base64="sjsLKPL10ymNgHHp/SGvtsk7xw4=">AAACCnicbVC7TsMwFHXKq5RXgJHFpUIqA1VSVcCCVMHCWCT6kJq0clynteo4ke0gVVFmFn6FhQGEWPkCNv4Gt80ALUe6ukfn3Cv7Hi9iVCrL+jZyK6tr6xv5zcLW9s7unrl/0JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N76Z+u0HIiQN+b2aRMQN0JBTn2KktNQ3i44vEE6GTjSivSQ6q6ZpUtbttOgEca+aXtl9s2RVrBngMrEzUgIZGn3zyxmEOA4IV5ghKbu2FSk3QUJRzEhacGJJIoTHaEi6mnIUEOkms1NSeKKVAfRDoYsrOFN/byQokHISeHoyQGokF72p+J/XjZV/6SaUR7EiHM8f8mMGVQinucABFQQrNtEEYUH1XyEeIZ2N0ukVdAj24snLpFWt2OeV2l2tVL/O4siDI3AMysAGF6AObkEDNAEGj+AZvII348l4Md6Nj/lozsh2DsEfGJ8/mKqZjA==</latexit>

g�p�2

(p� 2)!µ2
= 1

<latexit sha1_base64="bCfmJyO5bjIrz+C1xR7WxRWWdWU=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWDgbBxrAbQrSwCNpYRjAPyCZhdjKbDJmdHWZmhbBsaeOv2FgoYusn2Pk3TpItNPHAhcM593LvPb5gVGnH+bZyK6tr6xv5zcLW9s7unr1/0FRRLDFp4IhFsu0jRRjlpKGpZqQtJEGhz0jLH99M/dYDkYpG/F5PBOmGaMhpQDHSRurbx9ALJMLJME3cqidor5x6YkR7iTivpPDK7dtFp+TMAJeJm5EiyFDv21/eIMJxSLjGDCnVcR2huwmSmmJG0oIXKyIQHqMh6RjKUUhUN5k9ksJTowxgEElTXMOZ+nsiQaFSk9A3nSHSI7XoTcX/vE6sg8tuQrmINeF4viiIGdQRnKYCB1QSrNnEEIQlNbdCPEImGG2yK5gQ3MWXl0mzXHKrpcpdpVi7zuLIgyNwAs6ACy5ADdyCOmgADB7BM3gFb9aT9WK9Wx/z1pyVzRyCP7A+fwA82JjW</latexit> g

16⇡2
�p�4 < 1

<latexit sha1_base64="qw48su6pNP14SCJ5o9+L1jmJJUs=">AAACDnicbVC7TsMwFHXKq5RXgJHFUFUqA1VSVcCEKlgYi0QfUpNWjuu0Vh0nsh2kKsoXsPArLAwgxMrMxt/gthmg5UhX9+ice2Xf40WMSmVZ30ZuZXVtfSO/Wdja3tndM/cPWjKMBSZNHLJQdDwkCaOcNBVVjHQiQVDgMdL2xjdTv/1AhKQhv1eTiLgBGnLqU4yUlvpmyWHh0PEFwsnQiUa0l0Rn1TRNyrqdHjtB3KumV3bfLFoVawa4TOyMFEGGRt/8cgYhjgPCFWZIyq5tRcpNkFAUM5IWnFiSCOExGpKuphwFRLrJ7JwUlrQygH4odHEFZ+rvjQQFUk4CT08GSI3kojcV//O6sfIv3YTyKFaE4/lDfsygCuE0GziggmDFJpogLKj+K8QjpLNROsGCDsFePHmZtKoV+7xSu6sV69dZHHlwBE5AGdjgAtTBLWiAJsDgETyDV/BmPBkvxrvxMR/NGdnOIfgD4/MH2qWbUw==</latexit>

log
g�p�2

(p� 2)!µ2
> 1

p=6

Applicability of approximation

Validity of PT Validity of LL approximation

Possible simultaneously for small coupling g and temporal field  ф

Singular point is within validity region

>1

<latexit sha1_base64="7/KVoMnyieCZdWv6QHnog0FExNo=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5CiBYWQRvLCOZDkjPsbfaSJbt7x+6eEI78ChsLRWz9OXb+GzfJFZr4YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfhm5refqNIskvdmElNf4KFkISPYWOlh2BPJYwVdef1iyS27c6BV4mWkBBka/eJXbxCRRFBpCMdadz03Nn6KlWGE02mhl2gaYzLGQ9q1VGJBtZ/OD56iM6sMUBgpW9Kgufp7IsVC64kIbKfAZqSXvZn4n9dNTHjpp0zGiaGSLBaFCUcmQrPv0YApSgyfWIKJYvZWREZYYWJsRgUbgrf88ippVcperVy9q5bq11kceTiBUzgHDy6gDrfQgCYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8Alg+Pnw==</latexit>

gµ2 < 1

<latexit sha1_base64="tJ9E51g9QXlyq5532ARpeFqtMQY="></latexit>

y ! � g

16⇡2
�p�4 log

g�p�2

µ2/(p� 2)!
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Example II:  Exponential Potential
<latexit sha1_base64="SbOGKABLHF1Im51RfYo4L9q4mTo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiZS1I1QdOOygn1AG8NkOkmHzkzCzEQsaX7FjQtF3Poj7vwbp4+Fth64cDjnXu69J0gYVdpxvq3Cyura+kZxs7S1vbO7Z++XWypOJSZNHLNYdgKkCKOCNDXVjHQSSRAPGGkHw5uJ334kUtFY3OtRQjyOIkFDipE2km+Xo5bvXEXkIRv3kgE95ePctytO1ZkCLhN3TipgjoZvf/X6MU45ERozpFTXdRLtZUhqihnJS71UkQThIYpI11CBOFFeNr09h8dG6cMwlqaEhlP190SGuFIjHphOjvRALXoT8T+vm+rw0suoSFJNBJ4tClMGdQwnQcA+lQRrNjIEYUnNrRAPkERYm7hKJgR38eVl0jqruufV2l2tUr+ex1EEh+AInAAXXIA6uAUN0AQYPIFn8ArerNx6sd6tj1lrwZrPHIA/sD5/ALz+lEQ=</latexit>

gV0 = ge|�/m|
<latexit sha1_base64="QB6zB2Zyf5TFR1ieE/uvyqyaO0c=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqk2kqBuh6MZlBfuANi2T6aQdOjMJMxMxhPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPX7EqNKO820V1tY3NreK26Wd3b39A/uw3FZhLDFp4ZCFsusjRRgVpKWpZqQbSYK4z0jHn97O/M4jkYqG4kEnEfE4GgsaUIy0kYZ2Obke1/igDskg7UcTWuPZ0K44VWcOuErcnFRAjubQ/uqPQhxzIjRmSKme60TaS5HUFDOSlfqxIhHCUzQmPUMF4kR56fz2DJ4aZQSDUJoSGs7V3xMp4kol3DedHOmJWvZm4n9eL9bBlZdSEcWaCLxYFMQM6hDOgoAjKgnWLDEEYUnNrRBPkERYm7hKJgR3+eVV0j6vuhfV+n290rjJ4yiCY3ACzoALLkED3IEmaAEMnsAzeAVvVma9WO/Wx6K1YOUzR+APrM8f+/aTxw==</latexit>

y = g/m4e�/m

<latexit sha1_base64="t9yFO5f2H5JBu+r+QuycFnEQRbo="></latexit>

f 0(y) = �1

4

�
y2f 00(y) + 3yf 0(y) + f(y)

�2

<latexit sha1_base64="ihh2YPRE15wHNsQcF/vTaPoy7KM=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEhMJamqwsBQwcJYJPqQmrRyXKe1aieW7SBVaT6AhV9hYQAhVj6Ajb/BbTNAy5EsHZ1zrq7v8QWjStv2t7Wyura+sZnbym/v7O7tFw4OmyqKJSYNHLFItn2kCKMhaWiqGWkLSRD3GWn5o5up33ogUtEovNdjQTyOBiENKEbaSL1C0Q0kwskgTZyqK2i3DHm3kpJuMnHFkJ7zSXrlmJRdsmeAy8TJSBFkqPcKX24/wjEnocYMKdVxbKG9BElNMSNp3o0VEQiP0IB0DA0RJ8pLZsek8NQofRhE0rxQw5n6eyJBXKkx902SIz1Ui95U/M/rxDq49BIailiTEM8XBTGDOoLTZmCfSoI1GxuCsKTmrxAPkWlHm/7ypgRn8eRl0iyXnGqpclcp1q6zOnLgGJyAM+CAC1ADt6AOGgCDR/AMXsGb9WS9WO/Wxzy6YmUzR+APrM8fGV+bBQ==</latexit> g

16⇡2m4
e|�/m| < 1

<latexit sha1_base64="m54yj66L+ELHtu2an52NMEA0dhs=">AAACEHicbVC7TsMwFHV4lvIKMLJYVAimklQVMKEKFsYi0YeUpJXjOqlVO4lsB6lK8wks/AoLAwixMrLxN7iPAVqOdKWjc+7Vvff4CaNSWda3sbS8srq2Xtgobm5t7+yae/tNGacCkwaOWSzaPpKE0Yg0FFWMtBNBEPcZafmDm7HfeiBC0ji6V8OEeByFEQ0oRkpLXfPEZXEIHTcQCGdhnvFOxeVpp5KTTjZykz4946Pcu7K7ZskqWxPARWLPSAnMUO+aX24vxiknkcIMSenYVqK8DAlFMSN50U0lSRAeoJA4mkaIE+llk4dyeKyVHgxioStScKL+nsgQl3LIfd3JkerLeW8s/uc5qQouvYxGSapIhKeLgpRBFcNxOrBHBcGKDTVBWFB9K8R9pLNROsOiDsGef3mRNCtl+7xcvauWatezOArgEByBU2CDC1ADt6AOGgCDR/AMXsGb8WS8GO/Gx7R1yZjNHIA/MD5/AOkMnSU=</latexit>

log[
g

m2µ2
e|�/m|] > 1

<latexit sha1_base64="xXLxGDaBXryHx2Q9s8P+8GiE06w="></latexit>

y ! � g

16⇡2m4
e|�/m| log[

g

16⇡2m2µ2
e|�/m|]

Applicability

• Finite gap 
• Metastability of the quantum state
• No new minima
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Conclusion on Effective potential

  The effective potential in the LL approximation obeys the RG master equation which 
is a partial non-linear differential equation
 In some cases this equation is simplified  to the ordinary differential one and can be 
solved at least numerically. I
 In all the cases that we studied the obtained ordinary differential equations obey the 
solution with a discontinuity.
 The effective potential has a metastable minima at the origin and no other minima 
exists. 

 The main message is that under certain assumptions while studying the CW 
mechanism  one may not be restricted by the renormalizable potentials but consider 
much wider possibilities. We provided the method of such analysis. 

 This might be useful for cosmological applications where they are usually not limited 
by renormalizability  since gravity makes it non-renormalizable anyway.
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General Resume

 The UV divergences in non-renormalizable theories are local and can be 
removed by local counter terms like in renormalizable ones

 The main difference is that the renormalization constant Z depends on 
kinematics and acts like an operator rather than simple multiplication

 Based on locality of the counter terms due to the Bogoliubov-Parasiuk  
theorem one can construct the recurrence relations that define all loop 
divergences starting from one loop

 The recurrence relations can be converted into the generalized RG 
equations just like in renormalizable theories

 The RG equations allow one to sum up the leading (subleading, etc) 
divergences in all loops and define the high-energy/field  behaviour


