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Instead of, or alongside with, \/—g we can employ one
or several different alternative non-Riemannian volume

elements as in (1) given by non-singular ezact D-forms
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One way to define a metric independent
measure (as opposed ,/—g ) , a density

-

by means of four scalar fields ¢, (a = 1,2,3,4)
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In thiscontexit Is interesting to mention the work
of Pirogoywhere the use of 4 scalars in gravity
theories have been studied from a more general
point of view not just for use In the measure
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We use these fields only in the measure however,
both in Gravity and for String or Branes

AWe have used this these measure in the past to construct modified
theories of gravity

The generic form of modified gravity actions involving
(one or more) non-Riemannian volume-elements, called
for short NRVF (Non-Riemannian Volume-Form) ac-
tions, read (henceforth D = 4, and we will use units



2 The Modified Measure Theory String Theory

The standard world sheet string sigma-model action using a world sheet metric is [Z1],

[22], [23]

1
Sugma-moiet = T [ o5 T 0,X13X"g, (1)

Here 4™ is the intrinsic Riemannian metric on the 2-dimensional string worldsheet
and v = det(7,); gy denotes the Riemannian metric on the embedding spacetime. T
15 a string tension, a dimension full scale introduced into the theory by hand.

From the variations of the action with respect to v** and X* we get the following
equations of motion:
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where I'f:l 1s the afhine connection for the external metric.

Ba(V=17" XM ) + P8, XV, X T, =0, (3)

There are no limitations on employing any other measure of integration different
than /—~. The only restriction is that it must be a density under arbitrary diffeo-
morphisms (reparametrizations) on the underlying spacetime manifold. The modified-



measure theory is an example of such a theory.

In the framework of this theory two additional worldsheet scalar fields (i = 1,2)
are introduced. A new measure density is

| L
$(p) = Ef-i;r'fﬂbaa#ﬂ O’ (4)

Then the modified bosonic string action is (as formulated first in [IU] and latter
discussed and generalized also in [11])
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where F,; 1s the field-strength of an auxiliary Abelian gauge field A,: F,;, =
Oa Ay — b A,.

S=— [ dzmlv(c,;)(%fﬁaﬂﬂabfgw - Fus(A)), (5)

It is important to notice that the action (H) is invariant under conformal trans-
formations of the intrinsic measure combined with a diffeomorphism of the measure

fields,

Yab —+ JVab, (6)
o 2@t =0(F) (7)

siuch that
b d =Jb (8)

Here J 1s the jacobian of the diffeomorphim in the internal measure fields which
can be an arbitrary function of the world sheet space time coordinates, so this can
called indeed a loeal conformal symmetry.



To check that the new action is consistent with the sigma-model one, let us derive
the equations of motion of the action ().
The variation with respect to ¢* leads to the following equations of motion:
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The equations of motion with respect to +*" are
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We see that these equations are the same as in the sigma-model formulation ([Z]),
o

£

[B). Namely, taking the trace of (II]) we get that M = (. By solving EF,_,& from (2]
(with M = 0} we obtain (2]).




A most significant result 1s obtained by varying the action with respect to A,:

Eubabt
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Then by integrating and comparing it with the standard action it is seen that

2(e)
Ve

=T (13)

That 1s how the string tension T is derived as a world sheet constant of integration
opposite to the standard equation (1) where the tension is put ad hoc.The variation
with respect to X* leads to the second sigma-model-type equation (B). The idea of
modifying the measure of integration proved itself effective and profitable. This can

he generalized to incorporate super symmetry, see for example [11], [13], [12] , [1d].

For other mechanisms for dynamical string tension generation from added string world

sheet fields, see for example

[17] and

[18].

However the fact that this string tension

generation is a world sheet effect and not a universal uniform string tension generation
effect for all strings has not been sufficiently emphasized before. Now we go and review

the Modified Measure Brane Theory

3 The Modified Measure Brane Theory



4 Each String and Each Brane in its own world
sheet determines its own tension. Therefore the

tension 1s not universal for all strings or branes

If we look at a single string, the dynamical string tension theories and the standard
string theories appear indeed indistinguishable, there are however more than one string
and/or one brane in the universe then, let us now observe indeed that it does not appear
that the string tension or the brane tension derived in the sections above correspond
to “the” string or brane tensions of the theory. The derivation of the string or brane
tensions in the previous sections holds for a given string or brane, there 1s no obstacle
that for another string or brane these could acquire a different string or brane tension.
In other words, the string or brane tension i1s a world sheet constant, but 1t does not
appear to be a universal constant same for all strings and for all branes. Similar situa-
tion takes place in the dynamical string generation proposed by Townsend for example
17|, in that paper worldsheet fields include an electromagnetic gauge potential. Its




equations of motion are those of the Green-Schwarz superstring but with the string
tension given by the circulation of the worldsheet electric field around the string. So
again .n [17]| also a string will determine a given tension, but another string may de-
termine another tension. If the tension 1s a umiversal constant valid for all strings, that
would require an explanation in the context of these dynamical tension string theories,
for example some kind of interactions that tend to equalize string tensions, or that all
strings 1n the universe originated from the splittings of one primordial string or some
other mechanism.

In any case, if one beheves for example in strings . on the hght of the dynamical
string tension mechanism being a process that takes place at each string independently,
we must ask whether all strings have the same string tension.




5 Equations for the Background fields and a
new background field

However, in addition to the traditional background fields usually considered in
conventional string theory, one may consider as well an additional scalar field that
induces currents in the string world sheet and since the current couples to the world
sheet gauge fields, this produces a dynamical tension controlled by the external scalar
field as shown at the classical level in [25]. In the next two subsections we will study
how this comes about in two steps, first we introduce world sheet currents that couple
to the internal gauge fields in Strings and Branes and second we define a coupling to
an external scalar field by defining a world sheet currents that couple to the internal
gauge fields in Strings and Branes that is induced by such external scalar field. This is
very much in accordance to the philosophy of Schwinger [28| that proposed long time
ago that a field theory must be understood by probing it with external sources.

As we will see however, there will be a fundamental difference between this back-
ground field and the more conventional ones (the metric, the dilaton field and the two
index anti symmetric tensor field) which are identified with some string excitations
as well. Instead, here we will see that a single string does not provide dynamics for
this field, but rather when the condition for world sheet conformal invariance is imple-
mented for two strings which sample the same region of space time, so it represents a
collective effect instead.



3.1 Introducing world sheet currents that couple to the
internal gauge fields

If to the action of the string we add a coupling to a world-sheet current §°, i.e. a term

S rrent — fd"'_]a'.c‘:ﬂj“: (12)

then the variation of the total action with respect to A, gives

Embt,ﬂ( i ) — . (13)
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We thus see indeed that, in this case, the dvnamical character of the brane is crucial
here.

3.2 How a world sheet current can naturally be induced
by a bulk scalar field, the Tension Field

Suppose that we have an external scalar field ¢(x*) defined in the bulk. From this field
we can define the induced conserved world-sheet current

X e L
i* = e, 0 o e = efl, de™ (14)

where ¢ is some coupling constant. The interaction of this current with the world sheet
pauge field is also invariant under local gange transformations in the world sheet of the

pauge fields A, — A, + 0, A,




For this case, [13]) can be integrated to obtain

T:% —ep+ T, (15)
or equivalently
& = ' —7led +T;), (16)

The constant of integration T; may vary from one string to the other. Notice tha the
interaction is metric independent since the internal pange field does not transform under
the the conformal transformations. This interaction does not therefore spoil the world
sheot conformal transformation invariance in the case the field ¢ does not transform
under this transformation. One may interpret (IH ) as the result of integrating out
classically (through integration of equations of motion) or quantum mechanically (by
functional integration of the internal gange field, respecting the boundary condition
that characterizes the constant of integration T; for a given string ). Then replacing
& — +/—7(ed+T;) back into the remaining terms in the action gives a correct effective
action for each string. Each string is going to be quantized with each one having a
different T;. The consequences of an independent quantization of manv strings with
different T; covering the same region of space time will be studied in the next section.



As we discussed in the previous section, we can incorporate the result of the tension
as a function of scalar field @, given as ed 4 T;. for a string with the constant of
integration 7T; by defining the action that produces the correct equations of motion for
such string, adding also other background fields, the anti symmetric two index field A,
that couples to €®9,X#*3 X" and the dilaton field  that couples to the topological

density /—YR

S. = — / Jza(e¢+n)%\/_—~,-~,°baax~a,xvgw+ / d°c A, P9, X X"+ / d*o/=v¢R.

(34)
Notice that if we had just one string, or if all strings will have the same constant of
integration T; = Tj.

In any case, it is not our purpose here to do a full generic analysis of all possible
background metrics, antisymmetric two index tensor field and dilaton fields, instead,
we will take cases where the dilaton field i1s a constant or zero, and the antisymmetric
two index tensor field is pure gauge or zero, then the demand of conformal invariance
for D = 26 becomes the demand that all the metrics

g:w = (ed + Ti)gpv (35)

will satisfy simultaneously the vacuum Einstein ‘s equations,



5.3.1  The case where all all string tensions are the same, 1.e., 1; = 15,
and the appearance of a target space conformal invariance

If all T; = Ty, we just redefine our background field so that eg + Th — e¢ and then
in the effective action for all the strings the same combination eggy, ., and only this
combination will be determined by the regquirement that the conformal mmvariance in
the world sheet of all strings be preserved quantum mechanically, that 1s , that the beta
function be zero. So in this case we will not be able to determine e¢ and g, separately,
just the product egg,, . so the equation obtained from equating the beta function to
zero will have the target space conformal invariance e¢ — F(z)ed, gu — F(r)  guw.

That 15, there 1s no independent dynamics for the Tension Field in this case. So in
conclusion, 1f we just look at one string, or if we look at a set of strings, all of them
equal string tensions, then the tension field 1s not observable, can be gauged away
by the target space conformal invariance explained above. Another way to see this 1s






