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Ïîêàçàíà ñâÿçü ìåæäó ýôôåêòîì ðàçäåëåíèÿ êèðàëüíîñòåé è àêñèàëüíîé
àíîìàëèåé â ìåòîäå ýïñèëîí-ðàçäâèæêè â ôîðìàëèçìå ðåàëüíîãî âðåìåíè. Êàê
ñëåäñòâèå ïîêàçàíî ðàçëè÷èå ìåõàíèçìîâ çàùèòû ýôôåêòà ðàçäåëåíèÿ êèðàëü-
íîñòåé è àêñèàëüíîé àíîìàëèè.

The relation between the Chiral separation e�ect(CSE) and the axial anomaly
in point-splitting method in real time formalism(RTF) is shown. As a consequence
the di�erence of protection mechanism of CSE and of the axial anomaly is shown.

1. Introduction.

Chiral e�ects are associated with the appearance of nondissipative currents
in media in thermodynamic equilibrium. The most famous examples in four
dimensions are the chiral separation e�ect [1, 2], chiral magnetic e�ect [3],
and chiral vortical e�ect [4]. Great attention is paid to the relation between
these e�ects and anomalies in quantum �eld theory. It was assumed for a long
time that all chiral e�ects occur in the infrared region and can thereby be
calculated within quantum �eld theory without regularization. However, the
authors of [5,6] showed that this is not the case and that the chiral magnetic
e�ect is absent. The authors of [7] earlier explained the universality of the
experimental relation between the current in the e�ectively one-dimensional
thin wires and the applied voltage. In the same way, an expression was
obtained for the chiral magnetic e�ect [7], which makes the mentioned universality
doubtful [5, 6].

2. Axial anomaly and point-splitting method in real time formalism.

Chiral anomaly is violation of a classical conservation law in QFTs. The
axial current is conserved �on the classical level� for massless fermions

jµ5(x) = ψ̄(x)γµγ5ψ(x), (1)

∂µj
µ5 = 2imψ̄γ5ψ. (2)
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but on the quantum level the situation changes. One needs to use regularization
to obtain well de�ned answer. We will use point-splitting method:

j
µ(reg)
5 (x) = ψ̄(x+ ϵ/2)U(x+ ϵ/2, x− ϵ/2)γµγ5ψ(x− ϵ/2), (3)

U(x, y) = exp(−i
∫ x

y

Aµdx
µ). (4)

U is the parallel transporter that preserves the gauge invariance.In the real-
time formalism the fermion propagator reads [8, 9]

S(p) = (γµpµ +m)G(p), µ = 0..3 (5)

G(p) =
i

p2 −m2 + i0
− 2πδ(p2 −m2)n(|p0| − sgn(p0)µ), (6)

where n(E) = (eE/T + 1)−1 is the Fermi-Dirac distribution. We begin with
the expression for the axial anomaly in the point splitting method.

∂µj
µ5 = i2mψ̄(x+

ϵ

2
)γ5W (x+

ϵ

2
, x− ϵ

2
)ψ(x− ϵ

2
) + eϵνj5µ(x, ϵ)Fνµ (7)

The regularized axial current reads

jµ5 (x, ϵ) =

∫
d4p

(2π)4
d4k

(2π)4
e−ikx−i(p+k/2)ϵ Aλ(k)pνkσ 4iϵµνλσ G(p)G(p+ k) (8)

One can decompose the last expression into convergent and divergent parts:

j5µ(x, ϵ) = I(div)µ (x, ϵ) + I(conv)µ (x, ϵ), (9)

I(div)µ (x, ϵ) =

∫
d4p

(2π)4
d4k

(2π)4
e−ikx−i(p+k/2)ϵ 2pνF̃µν(k)

(p2 −m2 + i0)((p+ k)2 −m2 + i0)
,(10)

I(conv)µ (x, ϵ) =

∫
d4p

(2π)4
d4k

(2π)4
e−ikx−i(p+k/2)ϵ (−2)pνF̃µν(k)×

×
(
(−2πi)δ((p+ k)2 −m2)np+k

p2 −m2 + i0
+

(−2πi)δ(p2 −m2)np

(p+ k)2 −m2 + i0

+(−2π)δ((p+ k)2 −m2)np+k(−2π)δ(p2 −m2)np

)
(11)

Lorentz symmetry dictates the UV properties of the theory, and thus �xes
the anomaly expression1. On the other hand, the IR properties are model-
speci�c (Dirac mass, interaction, and phase transitions!). Thus we argue for
CSE sensitivity to interaction in the general case. For UV part of the current
we can write

j
(div)
5µ (x, ϵ) ∼ ϵµ

ϵ2
× (�nite value)|ϵ→0 (12)

1We remind that the axial anomaly could be calculated at any scale, we just prefer to

use UV-domain.
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The integral of convergent part gives CSE e�ect

j
(conv)
5µ (x, ϵ = 0) =

√
µ2 −m2

2π2
F̃0µ ≡<< j5(CSE)

µ (x) >>, (13)

within Landau levels picture this expression is just a charge density on the
lowest landau level.We can write:

< ∂µj
µ
5 (x, ϵ) >∼ 2im < ψ̄(x+ ϵ/2)γ5ψ(x− ϵ/2) > −iFµνϵ

νIµ(div)(x, ϵ). (14)

and:

ϵνIµ(x, ϵ) =

∫
d4p

(2π)4
d4k

(2π)4
(i

∂

∂pν
e−ikx−i(p+k/2)ϵ) Aλ(k)pρkσ 4iϵµρλσ G(p)G(p+ k)(15)

= −i
∫

d4p

(2π)4
d4k

(2π)4
e−ikx−i(p+k/2)ϵ ∂

∂pν
(Aλ(k)pρkσ 4iϵµρλσ G(p)G(p+ k))(16)

4iϵµσλρ
∫

d4k

(2π)4
e−ikxkλAρ(k)

d4p

(2π)4
∂

∂pν
pσ
p4
(17)

�nally we obtain:

< ∂µj
µ
5 (x, ϵ) >ϵ→0= 2im < ψ̄γ5ψ > +

e2

8π2

ϵµνλσ
2

F µνF λσ (18)

3. Conclusion and Discussions

With point-splitting regularization from the same expression we derived
the Chiral Anomaly and Chiral Separation E�ect. From our consideration
it immediately follows the di�erence in protection mechanism of the axial
anomaly and of the chiral separation e�ect.
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