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Ýâîëþöèÿ ñèñòåìû îïèñûâàåòñÿ êàê ñòîõàñòè÷åñêèé ïðîöåññ â ïðîñòðàíñòâå
ñëó÷àéíûõ ñîâìåñòíûõ ñîáûòèé. Â ïðîñòðàíñòâå ââîäÿòñÿ ñèììåòðè÷íàÿ
ðàçíîñòü è ñèììåòðè÷íàÿ ñóììà ñëó÷àéíûõ ñîâìåñòíûõ ñîáûòèé. Âåðîÿòíîñòü
êâàíòîâûõ ïåðåõîäîâ ñèñòåìû ìåæäó îïðåäåëåííûìè ñëó÷àéíûìè ñîáûòèÿìè
ïðåäñòàâëÿåòñÿ ñóììîé âåðîÿòíîñòåé ñîâìåñòíûõ ñîáûòèé (äâóõ, òðåõ, ...
). Ïðèìå÷àòåëüíî,÷òî ïîëó÷åííîå âûðàæåíèå äëÿ âåðîÿòíîñòåé ïåðåõîäîâ
ñîâïàäàåò ñ âåðîÿòíîñòüþ ïåðåõîäà â êâàíòîâîé òåîðèè, åñëè â ìîäåëè ó÷åñòü
òîëüêî ïîïàðíî ñîâìåñòíûå ñëó÷àéíûå ñîáûòèÿ.

The evolution of the system is described as a stochastic process in the space
of random joint events. A symmetric di�erence and a symmetric sum of random
joint events are introduced in space. The probability of quantum transitions of the
system between certain random events is represented by the sum of the probabilities
of joint events (two, three, ... ). It is noteworthy that the obtained expression for
the transition probabilities coincides with the transition probability in quantum
theory, if only pairwise joint random events are taken into account in the model.

PACS: 03.65.Ta; 03.65.Ud; 02.50.Cw; 02.50.Ey . 44.25.+f; 44.90.+c

INTRODUCTION

The development of innovative technologies in quantum theory stimulate
the development of its mathematical apparatus, and, in particular, from
the point of view of probability theory. For example, articles [1]� [6], which
present original research and reviews of works on the development of methods
of probability theory in quantum mechanics.

Stochastic processes in classical physics are successfully described by
probability theory in the space of incompatible events (for example, re-
view [7]).

To describe quantum processes it was proposed to model them in the
space of joint random events [8]� [14]. In the space of joint events, in
accordance with Kolmogorov's axiomatics de�nes the symmetric di�erence
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of events. For an adequate description of quantum processes, an additional
principle on the compatibility of quantum events is introduced in space. For
quantum random joint events, a symmetric sum is introduced.

The paper proposes to simulate the evolution of the system by a stochastic
process in the constructed space of joint random events. An expression is
constructed for the probability of system transitions between certain events
in the representation of functional integration.

PROBABILITY OF TRANSITION OF A QUANTUM SYSTEM

BETWEEN STATES IN THE REPRESENTATION OF PATH

INTEGRATION

The evolution of a quantum system is described by the probability P (b|a)
of the system's transition from the state |a⟩ at time t = 0 to the state |b⟩ at
time t > 0. The explicit form of the transition probability is determined by
the system evolution operator Û(t):

P (b|a) = ⟨b|Û(t)|a⟩⟨a|Û+(t)|b⟩. (1)

To construct an explicit form of ⟨b|Û(t)|a⟩, it is necessary to specify the
quantum system model. Let us construct an explicit form of the transition
probability in a form that is convenient for interpretation in terms of proba-
bility theory.

For a number of quantum systems, it is convenient to represent the am-
plitude of quantum transitions as an integral over virtual trajectories in real
space [15]

⟨b|Û(t)|a⟩ =
∞∫

−∞

√
P0 exp[ıS[b, r, a]]Dr(t), (2)

where S[b, r, a] dimensionless action of a particle along a trajectory passing
through points a, r, b; integration is carried out over all vertical trajectories.
The transition probability is determined by the formula:

P (b, |a) =
∞∫

−∞

∞∫
−∞

Pf exp[ı(S[b, r, a]− S[b, r′, a])]Dr(t)Dr′(t). (3)

In formulas (3) we represent: exp[ı(S[b, r, a]−S[b, r′, a])] = cos[(S[b, r, a]−
S[b, r′, a])] + ı sin[(S[b, r, a]− S[b, r′, a])]. The integrals (3) of sin[(S[b, r, a]−
S[b, r′, a])] are equal to zero because the functional is antisymmetric. Ex-
pression (3) are represented by formula

P (b, |a) =
∞∫

−∞

∞∫
−∞

Pf cos[ı(S[b, r, a]− S[b, r′, a])]Dr(t)Dr′(t). (4)
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Fig. 1. Transition probability diagram of a quantum system

Similarly, one can construct the probability of quantum transitions for
other models of quantum processes. For example: a description of the evolu-
tion of a quantum system in terms of energy [16], di�raction of elementary
particles during interaction with a crystal [11]. In the general case, the ex-
pression for the probabilities of quantum transitions has the form

P (b | a) =
N∑

n,m=1

cos(S[b, n, a]− S[b,m, a]), (5)

where actions are functionals of continuous or discrete trajectories, depending
on the quantum model, respectively, summation is carried out (they can be
multi-indexes) or integration over all pairs of the trajectory.

To interpret the equation (5) in terms of probability theory, it is conve-
nient to represent it in the form

P (b | a) =
N∑

n,m=1

gnmP (S[b, n, a], S[b,m, a]), (6)

where P (S[b, n, a], S[b,m, a]) = Po | cos[b, n, a]− S[b,m, a]] |,
gnm = cos[S[b, n, a]− S[b,m, a]]| cos[S[b, n, a]− S[b,m, a]] |−1,
i.e. gn,m = +1,−1, 0, n ̸= m; gn,n = +1, n = m. Equation (6) shows that the
probability P (b | a) is represented by the summation (or integration) of the
probabilities P(S[b,n,a], S[b,m,a]) pairs of joint virtual random trajectories
over all virtual pairs of these trajectories.

Equation (6) can be represented in terms of random events corresponding
to random numbers. Let us replace random numbers in equations (19.1),(19.2)
with random events: a−Ain; b−Bf ;S[b;n; a]−Sfni. Let's write the equations
for random events

P (Bf | Ain) =
N∑

n,m=1

gnmP (Sfni ∩ Sfmi), (7)

where P (Sfni ∩ Sfmi) - probability of random joint events.
The equations (6), (7) are presented in diagrammatic form in Figure 1.
Equations (6), (7) show that the quantum process occurs in the space of

random pairwise compatible events (trajectories).
We believe that it is of interest to study the stochastic process in the

space of random joint events. In this space, every 2 events are joint, every 3
events are joint, that is, each set of events is joint events.
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In the following sections of the article, we will construct a space of joint
events, a model of a stochastic process in this space, and the probability of
a system transition between process events.

MODEL OF THE SPACE OF RANDOM JOINT EVENTS FOR

QUANTUM SYSTEMS

We will construct a model of the space of random joint events, in which
it is possible to describe both classical and quantum processes [12]� [14].

Consider the spaceN of random events: Skl
n , where n = 1, 2, ..., N , symbol

kl means that events and their probabilities obey Kolmogorov's axioms [17].
For the case when the events Skl

n , n = 1, 2, ..., N, are incompatible, the
probability of their union is given by [17] P (∪N

n=1S
kl
n ) =

=
∑N

n=1 P (Skl
n ).

We will study the space in which all events are joint, that is, the proba-
bility of combining events is determined by the formula [18]

P
( N⋃
n=1

Skl
n

)
=

N∑
n=1

P (Skl
n )−

N∑
n<m=1

P
(
Skl
n ∩ Skl

m

)
+

+
N∑

n<m<k=1

P
(
Skl
n ∩ Skl

m ∩ Skl
k

)
− . . .+ (−1)N

′−1P (Skl
1 ∩ Skl

2 ∩ ... ∩ Skl
N ), (8)

where the probabilities of crossing these events are nonzero:

P (Skl
n ∩Skl

m) ̸= 0, P (Skl
n ∩Skl

m∩Skl
k ) ̸= 0, . . . P (Skl

1 ∩Skl
2 ∩ ...∩Skl

N ) ̸= 0, (9)

all indices k, n,m, ... take integer values from 1 to N ;N
′
- ïîðÿäêîâûé íîìåð

ñëàãàåìîãî.
In the space of random joint events, we construct the events S−

1 , S
−
2 , ..., S

−
N ,

each of which means that if an event with the corresponding number occurs,
then no other event of space. It follows from the de�nition that the events
S−
1 , S

−
2 , ..., S

−
N are not compatible. The equation for the symmetric di�erence

of events is proved [19]:

P
( N⋃
n=1

S−
n

)
=

N∑
n=1

P (Skl
n )− 2

N∑
n<m=1

P
(
Skl
n ∩ Skl

m

)
+

+4
N∑

n<m<k=1

P
(
Skl
n ∩Skl

m∩Skl
k

)
−. . .+2N

′−1(−1)N
′−1P (Skl

1 ∩Skl
2 ∩...∩Skl

N ). (10)

The analysis of experiments shows that equations (8)-(10) successfully
describe joint events in the physics of the macrocosm and a large class of
events in the physics of the microcosm. However, in the physics of the micro-
cosm there are random joint events (for example, in experiments on electron
di�raction), the description of which on the basis of equations (8)-(10) is
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impossible. To describe them, additional provisions on the compatibility of
events are required.

We postulate that in the physics of the microworld, along with the events
Skl
n , there are joint events S

qv
n whose combination probability is P (Sqv

1 ∪Sqv
2 ∪

... ∪ Sqv
N ) is described by the equation:

P
( N⋃
n=1

Sqv
n

)
=

N∑
n=1

P (Sqv
n ) +

N∑
n<m=1

P
(
Sqv
n ∩ Sqv

m

)
−

−
N∑

n<m<k=1

P
(
Sqv
n ∩ Sqv

m ∩ Sqv
k

)
− . . . (−1)N

′

P (Sqv
1 ∩ Sqv

2 ∩ ... ∩ Sqv
N ), (11)

where the symbol qv means that a random event refers to the physics of the
microworld (to processes in quantum mechanics); the sign before the �rst
term is "+", before the other terms the signs are determined by the factors

(−1)N
′
, where N

′
is the ordinal number of the term. In the space of random

joint events Sqv
1 , Sqv

2 , ..., Sqv
N we construct the events S+

1 , S
+
2 , ..., S

+
N , each of

which means that when this event occurs, all Sqv
n events are realized with the

corresponding probabilities.
For the space of two joint events Sqv

1 , Sqv
2 , the events S+

1 , S
+
2 are de�ned

by the expressions

S+
1 = Sqv

1 ∪ (Sqv
1 ∩ Sqv

2 ), S+
2 = Sqv

2 ∪ (Sqv
1 ∩ Sqv

2 ).

From these de�nitions it follows:

P
( 2⋃
n=1

S+
n

)
=

2∑
n=1

P (Sqv
n ) + 2P

(
Sqv
1 ∩ Sqv

2

)
. (12)

Expression (12) is naturally called the symmetric sum of two events.
Probability of combining events P (S+

1 ∪ S+
2 ∪ ... ∪ S+

N) is expressed in
terms of event probabilities Sqv

n , n = 1, 2, ..., N, and the probabilities of their
intersection by the equation

P
( N⋃
n=1

S+
n

)
=

N∑
n=1

P (Sn) + 2
N∑

n<m=1

P
(
Sqv
n ∩ Sqv

m

)
−

−4
N∑

n<m<k=1

P
(
Sqv
n ∩Sqv

m ∩Sqv
k

)
+. . .+2N

′−1(−1)N
′

P (Sqv
1 ∩Sqv

2 ∩...∩Sqv
N ), (13)

where the sign in front of the term is determined in the same way as in formula
(11). Equation (13) is proved by mathematical induction using formula (12).
Expression (13) is a symmetric sum of N random joint events. Note that
the interpretation of events in equations (11)-(13) by sets, as provided for by
Kolmogorov's axiomatics, is unacceptable, it leads to a contradiction.

Equations (10), (13) can be written as a single equation. To this end we
introduce random events S̃n each of which takes the value either S−

n or S+
n .
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Probability of combining events S̃n is represented by a formula that is the
union of the equations (11), (13):

P
( N⋃
n=1

S̃n

)
=

N∑
n=1

P (Sn) + 2
N∑

n<m=1

gnmP (Sn ∩ Sm)+

+4
N∑

n<m<k=1

gnmkP (Sn∩Sm∩Sk)+ . . .+2N−1g12...NP (S1∩S2∩ ...∩SN), (14)

where the factors gnm, gnkm and others take one of the values +1, −1 depend-
ing on the events Sn (for example, gnkm = −gnm). The indices kl, qv of the
events Skl

n , S
qv
n in equation (14) are omitted, since they are taken into account

by the signs of the coe�cients gnm, gnkm, .... Note that if in expression (14)
we take events that are incompatible, then all coe�cients are equal to zero:
gnm = 0, gnkm = 0, ...

In the constructed space of random joint events, both the symmetric
di�erence and the symmetric sum of events are realized. The space describes
a wider range of systems and stochastic processes than the spaces in which
only the symmetrical di�erence of events is realized.

Note that the number of events in the constructed space can be in�nite,
the corresponding series in equations (10),(13),(14) converge.

STOCHASTIC PROCESS IN THE SPACE OF RANDOM

JOINT EVENTS AND AN EQUATION FOR THE

PROBABILITY OF A SYSTEM TRANSITION BETWEEN

STATES

Consider a system performing a stochastic process in the space of random
joint events Sn, n = 1, 2, ..., N (the space is described in the previous part
of this article). The evolution of the system is represented by its transition
in the space of random events with a certain probability P (b|a) from a state
characterized by a certain event a at time t = 0 to a state characterized by
event b at time t > 0.

Let us construct a model of the stochastic motion of the system in the
given space of random joint events. The explicit form of the transition prob-
ability P (b|a) will be constructed based on this model.

We will assume that the transition of the system from a speci�c initial
event a to another speci�c event b is carried out through intermediate events
S̃n of the event space. Based on this statement, we construct the desired
stochastic equation:

b ∩ a =
N⋃

n=1

(b ∩ S̃n ∩ a) =
N⋃

n=1

S̃[b, n, a], (15)

where (b ∩ S̃n ∩ a) = S̃[b, n, a], the events a and b are �xed in this equation,
we represent them like indexes.
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The desired transition probability P (b|a) , taking into account (15), is
determined by the formula

P (b|a) = P (
N⋃

n=1

S̃[b, n, a]). (16)

Taking into account equation (14), we represent equation (16) in the form:

P (b|a) =
N∑

n=1

P (S[b, n, a]) + 2
N∑

n<m=1

gnmP (S[b, n, a] ∩ S[b,m, a])+

+4
N∑

n<m<k=1

gnmkP (S[b, n, a] ∩ S[b,m, a] ∩ S[b, k, a]) + . . .+

+2N−1g12...NP (S[b, 1, a] ∩ S[b, 2, a] ∩ ... ∩ S[b,N, a]), (17)

where gn,m = +1,−1, 0, n ̸= m; gn,n = +1, n = m; gnmk = +1,−1, 0, orgnmk =
−gn,m; ..., the signs of the coe�cients are determined by the ratios between
events with di�erent numbers n,m, k, l, .... For equation (17) describing
stochastic process in the space of random joint events, the principle corre-
spondences: when the events are incompatible, only the �rst sum for n = m
remains, that is, it goes into the equation of Markov processes.

Let us represent equation (17) in a form more convenient for describing
stochastic processes. We combine the �rst two terms in accordance with the
principles of probability theory, equation (17) takes the form:

P (b|a) =
N∑

n,m=1

gnmP (S[b, n, a] ∩ S[b,m, a])+

+4
N∑

n<m<k=1

gnmkP (S[b, n, a] ∩ S[b,m, a] ∩ S[b, k, a]) + . . .+

+2N−1g12...NP (S[b, 1, a] ∩ S[b, 2, a] ∩ ... ∩ S[b,N, a]). (18)

To describe a physical system on the basis of equation (18), it is necessary
to associate random events with random numbers characterizing the system.

Note that for the case when the events are only pairwise compatible,
equation (18) takes the form (7), i.e., it coincides with the equation for the
transition probability of a system in quantum mechanics. This fact allows
us to assert that the proposed model of stochastic processes in the space
of pairwise joint events describes quantum processes. This fact allows the
events S[b, n, a] to associate dimensionless (i.e., in units of ℏ) actions of the
system S[b, n, a], along these random trajectories (numbers n trajectories are
numbered and can be multi-indices, the parameters a, b de�ne the beginning
and end of the trajectories).
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Fig. 2. Diagrams of the transition probability of a system in a stochastic process

in the space of joint states.

We believe that the proposed method of matching random events of the
system's action can be applied to equation (18). The equation takes the
form:

P (b | a) =
∑

n,m=1

gnmP (S[b, n, a], S[b,m, a]) + 4
∑

n<m<k=1

gnmk×

×P (S[b, n, a], S[b,m, a], S[b, k, a]) + 8
∑

n<m<k<l=1

gnmkl×

×P (S[b, n, a], S[b,m, a], S[b, k, a], S[b, l, a]) + . . . . (19)

Equation (19) can be extended to any value of N for continuous trajectories
as well.

CONCLUSION

A model of the space of random joint events with a certain symmetric dif-
ference and symmetric sum of events is constructed. The stochastic process
of the system is considered in space. The probability of a system transi-
tion between states is determined by an equation that takes into account the
compatibility of events. For the equation, the principle of correspondence
is ful�lled, that is, if the events are not compatible, it goes into the equa-
tion of the Markov process. For the case when the events are only pairwise
compatible equation is identical to the equation of quantum mechanics.

It is of interest to study systems for describing the evolution of which, on
the basis of equation (19), it is required to take into account not only the
probabilities of paired compatibility of events, but also the probabilities of
compatibility of three, four or more events (the second, third and subsequent
terms).
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