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Motivation
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Polarization of QCD matter
I STAR collaboration: Λ polarization in HIC1

I Anomalous transport: Chiral + helical vortical effects2

I Chirality works at m = 0, helicity works for any m.

QCD phase transition
I At high temperatures, quarks & gluons become deconfined ⇒ QGP.3

I Effective models: quarks acquire dynamical medium-dependent mass.
I In the linear σ model, m∗ = g 〈σ〉 6= 0 in the confined state.

Persistent (thermodynamic) polarization
I ∂µJ

µ = 0⇒ Q̂ which can be modelled thermodynamically via µ.
I µA inconsistent with m∗ 6= 0.
I Is µH compatible with QCD models?
I How does µH affect QCD phase transition?

1STAR Collaboration, Nature 548 (2017) 62–65.
2VEA, M. N. Chernodub, arXiv:1912.11034 [hep-th].
3B. V. Jacak, B. Muller, Science 337 (2012) 310.
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Chirality (γ5) vs. helicity (h)
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I For m = 0, γ5 and h = S · P
p

share the eigenmodes Uj and Vj = iγ2U∗j :

(
2h
γ5

)
Uj = 2λjUj ,

(
2h
−γ5

)
Vj = 2λjVj , (1)

I JµA = ψ̄γµγ5ψ satisfies ∂µJ
µ
A = 2imψ̄γ5ψ.

I JµH = ψ̄γµhψ + hψγµψ satisfies ∂µJ
µ
H = 0 (for all m).

I Why is chirality good? Chiral vortical / magnetic / separation / etc. effects
I Why is chirality bad? m 6= 0; Axial anomaly (∂µJµA = − e2

8π2Fµν F̃
µν)

I Why is helicity good? Works at m 6= 0; Helical vortical effects
I Why is helicity bad? interactions; anomaly?; ambiguous when m 6= 0
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CPT symmetries
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QV QA QH JV JA JH
C − + − − + −
P + − − − + +
T + + + − − −

I Using Ψ̂ =
∑
j(Uj b̂j + Vj d̂

†
j), the V/A/H charge operators are

: Q̂V :=
∑
j

(b̂†j b̂j − d̂
†
j d̂j),

: Q̂A :=
∑
j

2λj(b̂†j b̂j + d̂†j d̂j),

: Q̂H :=
∑
j

2λj(b̂†j b̂j − d̂
†
j d̂j). (2)

I JµV , JµA and JµH form a triad: same T , different C and P .
I JµA and JµH have opposite C parities ⇒ they are fundamentally different.
I Can µA/H be used to thermodynamically describe polarization imbalance?
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Thermodynamics of free fermions with µV/A/H  
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I The Lagrangian for free, massive fermions at finite µV/A/H is4

Lfree = ψ(i/∂ + µV γ
0 + µAγ

0γ5 + 2µHγ0h−m)ψ. (3)

giving rise to

(iγµ∂µ + µV γ
0 + µAγ

0γ5 + 2µHγ0h−m)ψ = 0. (4)

I Performing the Fourier transform ψ → χpe
−ipµxµ , Eq. (4) reduces to

M(p)χp = 0, M = /p+ µV γ0 + µAγ0γ5 + 2µHγ0h−m. (5)

I detM =
∏
s,κ [p0 − p(s)

0,κ ] = 0 reveals energy branches:

p
(s)
0,κ(p) = −µV − κµH + s

√
m2 + (|p| − κµA)2. (6)

I s = ±1 corresponds to particles / anti-particles.
I κ = ±1 corresponds to right- / left- handed fermions.

4M. Laine, A. Vuorinen, Basics of Thermal Field Theory (Springer, 2016).
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Free energy
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I Using the path-integral formalism in Euclidean time τ = it, the partition
function Z can be expressed as

Z ∼
∏
{P}

detM.

I The free energy Ω = −T lnZ = ΩZP + ΩT consists of the zero-point
(vacuum) and thermal parts:

ΩZP =− 1
2
∑

κ=±1

∑
s=±1

∫
d3p

(2π)3 s p
(s)
0,κ ,

ΩT =−
∑

κ=±1

∑
s=±1

∫
d3p

(2π)3T ln
[
1 + e−s p

(s)
0,κ/T

]
.

I The charge densities can be obtained via n` = 〈J0
` 〉 = − ∂Ω

∂µ`
.
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(µV , µH) duality
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I For µA = 0 but µV , µH 6= 0, the “energy branches” are

p
(s)
0,κ(p) = −µV − κµH + sωp, ωp =

√
m2 + p2.

I ΩV HZP = −2
∫

d3p

(2π)3ωp is independent of µ` and T .

I The thermal part,

ΩV HT (µV , µH) = −T
∑
s,κ

∫
d3p

(2π)3 ln
[
1 + exp

(
−ωp − s(µV + κµH)

T

)]
,

exhibits the symmetry ΩV HT (µV , µH) = ΩV HT (µH , µV ).
I Also, ΩV HT is invariant under µV → −µV , and/or µH → −µH .

I The charge densities can be computed exactly in the small mass limit:

nV =
µV T

2

3
+
µV (µ2

V + 3µ2
H)

3π2 −
µVm

2

2π2 , nH =
µHT

2

3
+
µH(µ2

H + 3µ2
V )

3π2 −
µHm

2

2π2 .
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Incompatibility between µA 6= 0 and m 6= 0
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I For µV = µH = 0 but µA 6= 0, the “energy branches” are

p
(s)
0,κ(p) = s

√
(|p| − κµA)2 +m2.

I In this case, ΩAZP = ΩV HZP + ΩAdens contains also a density-dependent part:

ΩAdens = −
∑

κ=±1

∫
d3p

(2π)3 [
√

(|p| − κµA)2 +m2 −
√
p2 +m2].

I While everything works at m = 0, the T = 0 limit of nA at finite m diverges:

nA(µA)cT=0,m�|µA| = µ3
A

3π2 + m2µA
π2 ln ΛUV

m
+ . . . , (7)

where ΛUV is an UV cutoff.
I Hence, µA 6= 0 cannot be used when m 6= 0.5

5M. Ruggieri, M. N. Chernodub, Z.-Y. Lu, Phys. Rev. D 102 (2020) 014031.
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Linear σ model with quarks (LSMq)  
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I LSMq is a low-energy effective model of QCD, exhibiting the chiral phase
transition.

I Considering the two-flavour model, ψ = (u, d)T , the LSMq Lagrangian
density is

L =Lq + Lσ,
Lq =ψ[i/∂ − g(σ + iγ5τ · π)]ψ,

Lσ =1
2(∂µσ∂µσ + ∂µπ

0∂µπ0) + ∂µπ
+∂µπ− − V (σ,π),

where π± = 1√
2 (π1 ± iπ2) and π0 = π3 correspond to the isotriplet of the

pseudoscalar pions, π = (π1, π2, π3), while σ is the pseudoscalar field.
I The potential,

V (σ,π) = λ

4 (σ2 + π2 − v2)2 − hσ,

reaches a minimum when 〈π〉 = 0 and 〈σ〉3 − v2 〈σ〉 − h
λ = 0.
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Mean field approximation
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I In the mean field approximation, the quantum fluctuations of σ and π are
neglected, such that

LMF = ψ[i/∂ −M(σ)]ψ − V (σ),

where V (σ) ≡ V (σ, 0) and M(σ) = gσ is the dynamical quark mass.
I The model parameters are taken as6

g = 3.3, λ = 19.7, v = 87.7 MeV, h = (121 MeV)3,

such that
〈σ〉 = fπ = 93 MeV ≡ pion decay constant;
M(〈σ〉) = 307 MeV ' 1

3mnucleon;

mπ =
√
λ(〈σ〉2 − v2) = 138 MeV matches the pion mass.

mσ =
√

2λf2
π +m2

π = 600 MeV is the mass of the σ meson.

6O. Scavenius, A. Mocsy, I. N. Mishustin, D. H. Rischke, PRC 64 (2001) 045202.
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Thermodynamics of the LSMq  
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I We now add µV = µq = µB/3 (Nc = 3), µH and T , such that

ΩT (σ;µV , µH) = V (σ) + Ωq;T (σ;µV , µH), (8)

where Ωq;T (σ;µV , µH) = Ωvac(σ) + ΩT (σ;µV , µH) and

V (σ) =λ

4 (σ2 − v2)2 − hσ,

ΩT (σ;µV , µH) =−NfNcT
∑
s,κ

∫
d3p

(2π)3

× ln
{

1 + exp
[
− 1
T

(ωp(σ)− s(µV + κµH))
]}

,

where ωp(σ) =
√
p2 + g2σ2 depends on σ.

I Ωvac is ignored in order to avoid UV cutoff-dependence.
I For given T , µV and µH , σ is obtained by minimising Ω(σ;µV , µH).
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Dense matter at T = 0
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I At µH = 0, 1st order PT occurs at µV = µc = 305 MeV.
I Increasing µH leads to crossover and then again to 1st order PT.
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Dense matter at T = 0
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µ
H

µV

T = 0

I PT1 along FC and GD.
I Crossover along CD.
I µH ↔ µV duality.

I µFV = µGH = µc.
I µFH = µGV = 0.

I µCV = µDH = 0.81µc.
I µCH = µDV = 0.40µc.

V.E.Ambrus,, M.N.Chernodub Helically imbalanced LSMq HEPFT XXXIII | 8th November 2021 13 / 18



Finite-temperature phase diagram
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Finite-temperature phase diagram
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Curvature of the chiral transition
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I The PT temperature at small µB and finite µH can be approximated by

Tc(µB , µH)
Tc,0

= Tc(µH)
Tc,0

− κ(µH)
(
µB
Tc,0

)2
+ . . . , (9)

where κ(µH) is the curvature.
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µH dependence of κ
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, (10)

I κ(0) ' 0.016 is the curvature at µH = 0.
I Best fit for α = 0.70, γ = 0.58.

V.E.Ambrus,, M.N.Chernodub Helically imbalanced LSMq HEPFT XXXIII | 8th November 2021 17 / 18



Conclusion
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I JµH is classically conserved for free fields, even when m 6= 0.
I µH can account for helicity imbalance.
I µA incompatible with LSMq, while (µH , µV ) form a dual pair.

I Non-trivial changes to the chiral phase diagram can be seen when µH 6= 0:
New critical points at T = 0: C and D.

At T > 0, the critical point E becomes a critical line: E − L− L′ − C.

New critical line (dual to ELL′C): A−K −K′ −D.

New region of 1st order phase transition ≡ H matter (dual to B matter).

Curvature κ of transition temperature at vanishing µB depends on µH .

THANK YOU FOR YOUR ATTENTION!
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