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Outline
• QCD phase transition from Nf=2 till the onset of conformal window


• Nf=2+1 with strange quark mass as an interpolator between Nf=2 and Nf=3


• Nf=2+1+1(physical strange and charm, various ) 


• scaling behaviour


• new order parameter 


• thresholds in QGP

mπ
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Symmetries of QCD

• Imprint on hadron spectrum


• Goldstone bosons


• Symmetry partners


• Restoration at finite temperature


• Nature of the QCD phase transition for various N
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Symmetry at m=0: 

LQCD = ψ̄LDψL + ψ̄RDψR + m(ψ̄LψR + ψ̄RψL) + gauge part

SUL(N) × SUR(N) × UV(1) × UA(1)
Broken by anomalyBaryon numberSpontaneously broken to SUV(N )



Scenarios for thermal phase transition

4



Scenarios for thermal phase transition
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1st order



Scenarios for thermal phase transition
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2nd order

[Cuteri, Philipsen, Sciarra, 2021] 



Between Nf=2 and Nf=3
Strange quark mass as an interpolator
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Nf = 3 Nf = 2

mphys
s ∞0

Nf = 3 Nf = 2

mphys
s ∞0

Nf = 3 Nf = 2

mphys
s ∞0

Strange quark makes 
the transition first order




Scaling windows
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Mean field

1st order 

Z2 critical line

Z2 scaling window

Physical point

Physical point



Our ensembles
      Wilson twisted mass fermions








Fixed scale approach 


Nf = 2 + 1 + 1

mphys
π < mπ < 380 MeV

0.06 fm ≲ a ≲ 0.08 fm

a = const
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m𝜋 [MeV] a [fm]

139.7(3) 0.0801(4)

225(5) 0.0619(18)

383(11) 0.0619(18)

376(14) 0.0815(30)



New order parameter
• Chiral condensate  has large linear in m contributions (divergence, regular)


•  is free from linear terms in mass [W. Unger, 2010]


• EoS: 

⟨ψ̄ψ⟩

⟨ψ̄ψ⟩3 = ⟨ψ̄ψ⟩ − mχ

⟨ψ̄ψ⟩ = Ah1/δf(x) + …, h ≡ m, x = t/h1/βδ
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New order parameter
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New order parameter: 


• terms  cancel: divergences/regular


•  (symmetric phase)


•   vs   as 

⟨ψ̄ψ⟩3 = ⟨ψ̄ψ⟩ − mχ

∼ m

∼ m3

⟨ψ̄ψ⟩3 ∼ t−γ−2βδ ⟨ψ̄ψ⟩ ∼ t−γ t → ∞



Physical pion mass

12120 140 160 180 200
T, MeV

4.5

5.0

5.5

6.0

6.5

7.0

7.5

a2
¬

mº = 139 MeV, a = 0.0801 fm

[120 : 180] MeV

[120 : 210] MeV

[120 : 300] MeV

[130 : 210] MeV

[130 : 300] MeV

[120 : 400] MeV

120 140 160 180 200
T, MeV

0.000

0.001

0.002

0.003

0.004

a3
h√

√
i 3

mº = 139 MeV, a = 0.0801 fm

Data

Logistic, [120 : 210] MeV

Polynomial, [120 : 180] MeV

120 140 160 180 200 220 240
T, MeV

0.003

0.004

0.005

0.006

0.007

0.008

a3
h√

√
i

mº = 139 MeV, a = 0.0801 fm

Data

Logistic fit

Polynomial fit

x/
p

1 + x2 fit



0 100 200 300 400 500
mº [MeV]

140

160

180

200

T
c

[M
eV

]

T¢

T¢3

T¬

T0

HotQCD

WB, T¬

WB, T¢

FASTSUM, T¢

13

157.8(12) 138(2)

153(3) 132(4)

146(2) 132(3)

T0 = 134+6
−4 MeV

Critical temperature and chiral extrapolation



Scaling of ⟨ψ̄ψ⟩3

14
120 140 160 180 200 220 240

T, MeV

0

1

2

3

4

h√̄
√

i 3
.

°
m

º
1
M

eV

¢ 2
/±

[£
10

6
M

eV
3
]

mº = 139 MeV

mº = 225 MeV

mº = 383 MeV

T = 138(2) MeV
⟨ψ̄ψ⟩3

m1/δ
∼

⟨ψ̄ψ⟩3

m2/δ
π

= const at t=0



Mild tension between 
data and MF for 
m𝜋=139 MeV
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m𝜋 [MeV] T0 [MeV]

139 142(2)

225 159(3)

383 174(2)
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Can also describe data 
for mc

π ∈ [0, mphys]
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• O(4): 

• Griffith analyticity:



•

⟨ψ̄ψ⟩3 ∼ t−γ−2βδ

⟨ψ̄ψ⟩3 ∼ m3 ∼ m6
π

T ∼ 300 MeV

Large temperature behaviour



Sketch of possible phase diagram, 2D
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Sketch of possible phase diagram, 3D
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Beyond the scaling behaviour
• : scaling behaviour  leading order Griffith analyticity


• Coincides with the onset of DIGA behaviour     [Burger et al., 2018]


• Thresholds in QGP:

 [Glozman, 2019][Alexandru, Horvath, 2019]

                          [Cardinali, D’Elia, Pasqui, 2021]

T ∼ 300 MeV ⇔
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QCD topology and axion’s properties from Wilson twisted mass lattice simulations
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Motivation: Strong CP problem

L = LQCD + ◊
g

2

32fi2F
a

µ‹
F̃

µ‹

a

q(x) = g
2

32fi2F
a
µ‹

F̃
µ‹
a

– topological charge
density
How to test ◊?
Neutron electric dipole moment:
dn = 2.4 ◊ 10≠16

◊ e cm – QCD sum rules
dn = 3.3 ≠ 3.6 ◊ 10≠16

◊ e cm – ChPT
Experimental value:
dn = 0.0 ± 1.1(stat) ±0.2(sys)◊10≠26 e cm

◊ < 0.5 ◊ 10≠10

• Pospelov & Ritz, NPB 573, 177 (2000)
• Pich & de Rafael, NPB 367, 313 (1991)
• Abel et al. (nEDM), PRL 124, 081803 (2020)

(Possible) Solution: the axion

• Peccei & Quinn, PRL 38, 1440; PRD 16 1791 (1997)
• Weinberg, PRL 40, 223; Wilczek PRL 40, 279 (1978)]

L = LQCD + ◊
g
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a

a(x) = fA ◊(x) – axion field,
fA & 4 ◊ 108 GeV.
Axion mass:

m
2
A
(T )f 2

A
= ˆ

2
F (◊, T )
ˆ◊2

�������
◊=0

© ‰top(T ).

At low and high temperatures F (◊, T )
is available from LO ChPT and DIGA.
At T = 0:

mA(T = 0) =
Ô

‰top

fA

= 56.9(5) 1011GeV
fA

µeV.

Our setup

• finite-T simulation with fixed scale approach
• Wilson twisted mass fermions at maximal twist
• physical strange and charm masses
• 4 values of pion mass, including physical one

Ensemble mfi [MeV] a [fm]
M140 139(1) 0.0801(4)
D210 213(9) 0.0646(7)
A260 261(11) 0.0936(13)
B260 256(12) 0.0823(10)
A370 364(15) 0.0936(13)
B370 372(17) 0.0823(10)
D370 369(15) 0.0646(7)

• for lattice spacing and other parameters we rely
on ETMC T = 0 results [PRD 90, 074501 (2014);
103, 034509 (2021)]

Observables

Chiral condensate:
ÈÂ̄ÂÍ = ÈūuÍ + Èd̄dÍ = T

V

ˆZ

ˆml

= 1
NtN

3
s

ÈTr M
≠1Í.

Chiral susceptibility: ‰L = ˆ

ˆml

ÈÂ̄ÂÍ.
We define

ÈÂ̄ÂÍ3 = ÈÂ̄ÂÍ ≠ ml ‰L,

which is free from linear additive renormalization as
well as from linear correction to scaling.

Measuring topology:

Fermionic definition + symmetry

arguments

Q = ml

Z
d

4
x Â̄(x)“5Â(x)

‰top = ÈQ2Í
V4

= m
2
l
‰5,disc

After chiral transition: ‰5,disc = ‰disc

‰top(T & Tc) = m
2
l
‰disc

= m
2
l

V

T

✓
È(Â̄Â)2Íl ≠ ÈÂ̄ÂÍ2

l

◆

Fine lattices are required to avoid artifacts.

Results

Fit is to 3D O(4) behaviour: ÈÂ̄ÂÍ3 Ã t
≠“≠2—”.
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Fit is to DIGA behaviour: ‰top(T ) ƒ A T
≠d.

The breaking of O(4) scaling for ÈÂ̄ÂÍ3 and the onset of DIGA-like decay for ‰top both occur at T ƒ 300 MeV.

100 200 300 400 500 600
2

5

10

20

50

100

c t
op1ê4
¥
Hm
pph
ys
êm
pL@

M
eV
D

@MeVDT

D210
M140Ì

AB260Û
ı

D370â

Axion mass

1 5 10 50 100 500
1.0

0.8

0.6

0.4

0.2

0.0

W
aêW

D
M

Axion mass @meVD

W
aêW

D
M

Axion mass @meVD

370 MeVÁ

140 MeV‡
210, 260 MeVâ

d=8 HDIGALÏ
d=4Ì
Ú A ¥104

Ù A ê 104

The prediction for axion mass can be read o� from the plot
using axion density �a as an input. For the lower bound
�a = �DM , attributing all Dark Matter to the axions, we
have ma ƒ 20 µeV.

100 200 300 400 500 600

5

10

20

50

100

c t
op1ê4
¥
Hm
pph
ys
êm
pL@
M
eV
D

@MeVDT

@Taniguchi et al.,
PRD 95, 054502 H2017LD

@Bonati et al.,
JHEP 11, 170 H2018LD‡

@Petreczky et al.,
PLB 762, 498 H2016LD
@Borsanyi et al.
Nature 539, 69 H2016LD

‰top Ã m
4
fi

is suggested by
DIGA and, more generally,
by the analyticity of Â̄Â.

Summary

• We measured chiral observables and topological
susceptibility in the region 120 . T . 600 MeV.

• The chiral data shows clear threshold at T ƒ 300 MeV,
above which a trend consistent with O(4) scaling gives
way to a simple leading order Gri�th analytic scaling.

• Around the same point T ƒ 300 MeV the topological
susceptibility starts to follow DIGA power-law decay.

• The high-T topological results from di�erent studies
are in the same ball park, but lacking complete
quantitative agreement.

• The prediction for axion mass is rather insensitive to
these di�erences. The same holds for di�erent pion
masses once the proper scaling is applied.
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Conclusions
Consistency with O(4) scaling for light pions  and temperatures T<300 MeV

Order parameter 


 in the chiral limit


From 

• Scaling of pseudocritical temperatures

• Scaling of 

• Fit to the Equation of State


T=300 MeV is close to the onset of DIGA behaviour,

thresholds in QGP


mπ ≲ mphys
π

⟨ψ̄ψ⟩3 = ⟨ψ̄ψ⟩ − mχ

T = 134+6
−4 MeV

⟨ψ̄ψ⟩3
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