
Deconfining Phase Boundary of 
Rapidly Rotating Hot and Dense Matter 

and Analysis of Moment of Inertia

Yuki Fujimoto

12 November 2021, Hard Problems of Hadron Physics

The University of Tokyo

Reference: 
Y. Fujimoto, K. Fukushima, Y. Hidaka,“Deconfining Phase Boundary of Rapidly 
Rotating Hot and Dense Matter and Analysis of Moment of Inertia,” 
Phys. Lett. B 816 (2021) 136184, arXiv:2101.09173 [hep-ph]. 
  

https://arxiv.org/abs/2101.09173


Rotating quark-gluon matter
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Rotating matter is created  
with angular momentum 

L ∼ 106 ℏ

Non-central heavy-ion collisions:

L

Theory estimate: 
ω ∼ 20 MeV Jiang,Lin,Liao (2016)



Global Λ polarization
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STAR collaboration (2017)
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as consistent with our measurements, within reported statistical 
uncertainty.

We have performed several checks that indicate a zero polarization 
‘signal’, as expected, in the combinatoric background of proton–pion 
pairs that do not come from Λ hyperons. This includes analysis of pro-
ton–pion pairs with invariant masses slightly different from the mass 
of a Λ hyperon mΛ. Nevertheless, these checks have finite statistical 
precision, so we consider the possibility of fluctuations in the back-
ground that could contribute to the polarization signal. This dominates 
the systematic uncertainties in the signal. Uncertainties due to Λ iden-
tification criteria (such as requirements for the spatial proximity of the 
proton and π daughters) are negligible. There are also small systematic 
uncertainties in the overall scale, which would scale both the value of 
( H and the statistical uncertainty, thus not affecting the statistical sig-
nificance of the signal. These include the uncertainties in the Λ decay 
parameter α (2%)17, the reaction-plane resolution (about 2%)22, and 
detector efficiency corrections (about 3.5%).

The fluid vorticity may be estimated from the data using the hydro-
dynamic relation18

ω≈ + /′ ′Λ Λ( (k T ħ( ) (3)B

where T is the temperature of the fluid at the moment when particles 
are emitted from it. The subscripts Λ′ and Λ ′ in equation (3) indicate 
that these polarizations are for ‘primary’ hyperons emitted directly from  
the fluid. However, most of the Λ and Λ  hyperons at these collision  
energies are not primary, but are decay products from heavier particles 
(for example, ∑*,+ → Λ + π+), which themselves would be polarized 
by the fluid. The data in Fig. 4 contain both primary and these ‘feed-
down’ contributions. At these collision energies, the effect of feed-down 
is estimated18 to produce differences of only about 20% between the 
polarization of primary and of all hyperons.

The sNN-averaged polarizations indicate a vorticity of ω ≈ (9 ± 1) ×  
1021 s−1, with a systematic uncertainty of a factor of two, mostly owing 

to uncertainties in the temperature. This far surpasses the vorticity of 
all other known fluids, including solar subsurface flow23 (10−7 s−1); 
large-scale terrestrial atmospheric patterns24 (10−7–10−5 s−1); supercell 
tornado cores25 (10−1 s−1); the great red spot of Jupiter26 (up to 
10−4 s−1); and the rotating, heated soap bubbles (100 s−1) used to model 
climate change27. Vorticities of up to 150 s−1 have been measured in 
turbulent flow28 in bulk superfluid He II, and Gomez et al.29 have 
recently produced superfluid nanodroplets with ω ≈ 107 s−1.

Relativistic heavy ion collisions are expected to produce intense mag-
netic fields30 parallel to Ĵsys. Coupling between the field and the intrinsic 
magnetic moments of emitted particles may induce a larger polariza-
tion for Λ  hyperons than for Λ hyperons18. This is not inconsistent with 
our observations, but probing the field will require more data to reduce 
statistical uncertainties as well as potential effects related to differences 
in the measured momenta of Λ and Λ  hyperons.

The discovery of global Λ polarization in non-central heavy ion colli-
sions opens up new directions in the study of the hottest, least viscous—
and now, most vortical—fluid produced in the laboratory. Quantitative 
estimates of extreme vorticity yield a more complete characterization 
of the system and are crucial input to studies of phenomena related to 
chiral symmetry restoration that may provide insight into the complex 
interactions between quarks and gluons.

Online Content Any Extended Data display items and Source Data are available in 
the online version of the paper; references unique to these sections appear only in 
the online paper.

Data Availability The polarization data published here are available in the HEPdata 
repository http://dx.doi.org/10.17182/hepdata.77494.

Received 21 January; accepted 26 May 2017.

1. Adams, J. et al. Experimental and theoretical challenges in the search for the 
quark gluon plasma: the STAR Collaboration’s critical assessment of the 
evidence from RHIC collisions. Nucl. Phys. A 757, 102–183 (2005).

2. Liang, Z.-T. & Wang, X.-N. Globally polarized quark-gluon plasma in non-central 
A+A collisions. Phys. Rev. Lett. 94, 102301 (2005); erratum 96, 039901 
(2006).

3. Becattini, F., Piccinini, F. & Rizzo, J. Angular momentum conservation in heavy 
ion collisions at very high energy. Phys. Rev. C 77, 024906 (2008).

4. Pang, L.-G., Petersen, H., Wang, Q. & Wang, X.-N. Vortical !uid and Λ spin 
correlations in high-energy heavy-ion collisions. Phys. Rev. Lett. 117, 192301 
(2016).

5. Kharzeev, D. E., Liao, J., Voloshin, S. A. & Wang, G. Chiral magnetic and vortical 
e"ects in high-energy nuclear collisions: A status report. Prog. Part. Nucl. Phys. 
88, 1–28 (2016).

6. Becattini, F., Csernai, L. & Wang, D. J. Λ polarization in peripheral heavy ion 
collisions. Phys. Rev. C 88, 034905 (2013).

7. Abelev, B. I. et al. Global polarization measurement in Au+Au collisions.  
Phys. Rev. C 76, 024915 (2007); erratum 95, 039906 (2017).

8. Heinz, U. & Snellings, R. Collective !ow and viscosity in relativistic heavy-ion 
collisions. Ann. Rev. Nucl. Part. Sci. 63, 123–151 (2013).

9. Kolb, E. W. & Turner, M. S. The early Universe. Front. Phys. 69, 1–547  
(1990).

10. Shuryak, E. V. Quantum chromodynamics and the theory of superdense 
matter. Phys. Rep. 61, 71–158 (1980).

11. Csernai, L. P. & Stöcker, H. Global collective !ow in heavy ion reactions from the 
beginnings to the future. J. Phys. G 41, 124001 (2014).

12. Ackermann, K. H. et al. STAR detector overview. Nucl. Instrum. Meth. A 499, 
624–632 (2003).

13. Voloshin, S. A. & Niida, T. Ultrarelativistic nuclear collisions: direction of 
spectator !ow. Phys. Rev. C 94, 021901 (2016).

14. Takahashi, R. et al. Spin hydrodynamic generation. Nat. Phys. 12, 52–56 
(2016).

15. Becattini, F. et al. A study of vorticity formation in high energy nuclear 
collisions. Eur. Phys. J. C 75, 406 (2015).

16. Pondrom, L. Hyperon experiments at Fermilab. Phys. Rep. 122, 57–172 
(1985).

17. Olive, K. A. et al. Review of particle physics. Chin. Phys. C 38, 090001  
(2014).

18. Becattini, F., Karpenko, I., Lisa, M., Upsal, I. & Voloshin, S. Global hyperon 
polarization at local thermodynamic equilibrium with vorticity, magnetic #eld, 
and feed-down. Phys. Rev. C 95, 054902 (2017).

19. Bunce, G. et al. Λ0 hyperon polarization in inclusive production by 300-GeV 
protons on beryllium. Phys. Rev. Lett. 36, 1113–1116 (1976).

20. Betz, B., Gyulassy, M. & Torrieri, G. Polarization probes of vorticity in heavy ion 
collisions. Phys. Rev. C 76, 044901 (2007).

21. Jiang, Y., Lin, Z.-W. & Liao, J. Rotating quark-gluon plasma in relativistic heavy 
ion collisions. Phys. Rev. C 94, 044910 (2016).

Figure 4 | The hyperon average polarization in Au + Au collisions. The 
average polarization for Λ (blue stars) and Λ  (red circles) from 20–50% 
central collisions are plotted as a function of collision energy. Error bars 
represent statistical uncertainties only, while boxes represent systematic 
uncertainties. The results of the present study ( sNN  < GeV), indicated by 
filled symbols, are shown together with those reported earlier7 for 
62.4 GeV and 200 GeV collisions, indicated by open symbols and for which 
only statistical errors are plotted.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

Experimental estimate (global  polarization):Λ

T. Niida, INT 20-1c: Criticality and Chirality

How to measure the polarization?
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Parity-violating weak decay of hyperons (“self-analyzing”)

Daughter baryon is preferentially emitted in the direction  
of hyperon’s spin (opposite for anti-particle)

(BR: 63.9%, cτ~7.9 cm)
⇤ ! p+ ⇡�

PH: Λ polarization 
θ*: polar angle of proton relative to the polarization direction in Λ rest frame 
αH: Λ decay parameter  
      (αΛ = -αΛ = 0.642±0.013)-

C. Patrignani et al. (PDG), Chin. Phys. C 40, 100001 (2016)

p

π -

PΛ

θ

slope=αHPH

-1 0 1
cosθ

dcosθ
dN

dN

d cos ✓⇤
/ 1 + ↵HPH cos ✓⇤

<latexit sha1_base64="uzz/9hZ3311/KMc1QeHVWhKqWZY="></latexit><latexit sha1_base64="uzz/9hZ3311/KMc1QeHVWhKqWZY="></latexit><latexit sha1_base64="uzz/9hZ3311/KMc1QeHVWhKqWZY="></latexit><latexit sha1_base64="uzz/9hZ3311/KMc1QeHVWhKqWZY="></latexit>

-
Note: αH recently updated by BESⅢ Collaboration 
αΛ=0.750±0.009, αΛ=-0.758±0.010

M. Tanabashi et al., (PDG), Phys. Rev. D98, 030001 (2018) and 2019 update

predicts roughly ω ∼ 6 MeV
Figure taken from T. Niida’s slide

parity-violating 
weak decay of Λs



QCD phase diagram under rotation
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Taken from: Baym,Hatsuda,Kojo,Powell,Song,Takatsuka (2017)
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Chiral transition of rotating matter
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FIG. 3: The phase diagram on T -! plane (see text).

(rather than the fermion-anti-fermion) superconducting
pairing phenomenon in the presence of rotation. In the
QCD context, this is the color superconductivity at high
density and low temperature (see e.g. [37] for a recent
review). Quite di↵erent from the chiral condensate, the
diquark pairing state has the spatial angular momentum
(for the relative orbital motion) L = 0 while the total
spin S = 0 (i.e. antisymmetric combination of the two
individual quark spins), again with the total angular mo-
mentum J = 0 for the pair. We use the same NJL model
and for simplicity we focus on the low-temperature high-
density region where the chiral symmetry is already re-
stored. Assuming a mean-field 2SC diquark condensate
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In the above the mean-field quasiparticle dispersion ✏±n
and ✏�±

n is given by ✏±n = (
p
k2z + k2t +m2±µ)�(n+ 1

2 )!

and ✏�±
n = [(

p
k2z + k2t +m2 ± µ)2 +�2]

1
2 � (n+ 1

2 )!.
The mean-field diquark condensate � at given values of
temperature T , chemical potential µ and rotation !, can
then be determined from the self-consistency equation
through variation of the order parameter: �⌦

��(r) = 0 and
�2⌦

��(r)2 > 0. By numerically solving the equation, we show

in Fig. 4 the � (at radius r = 0.1GeV�1) as a function of

! for several values of T and fixed µ = 400MeV. One can
see that with increasing !, the diquark condensate always
decreases toward zero, through a 1st-order transition at
low T while a smooth crossover at higher T . This result
again confirms the generic rotational suppression e↵ect
on the scalar diquark pairing.
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FIG. 4: The mean-field diquark condensate � (at radius r =

0.1GeV
�1

) as a function of ! for several values of T and fixed

value of µ = 400MeV.

Summary and Discussions.— In summary, we have
found a generic rotational suppression e↵ect on the
fermion pairing state with zero angular momentum. This
e↵ect is demonstrated for two well-known pairing phe-
nomena in QCD matter, namely the chiral condensate
and the color superconductivity. The scalar pairing
states in these two examples, while di↵erent in many
aspects, are both found to be reduced with increasing
rotation of the system. In the case of chiral phase transi-
tion, we have identified the phase boundary with a criti-
cal point on the T � ! parameter space.
The rotational e↵ects on pairing phase transitions may

bear interesting implications for a number of physics sys-
tems. The phase diagram of QCD matter on T �! plane
could be quantitatively explored by ab initio lattice sim-
ulations which has recently become feasible [8]. In heavy
ion collisions there is sizable global angular momentum
carried by the hot dense matter (as recently computed
in e.g. [6]): such rotational motion may cause the chiral
restoration to occur at lower temperature as our results
imply, and may bear measurable consequences (e.g. for
dilepton emissions). In the case of neutron stars, the
dense QCD matter is under global rotation which may
reduce the chiral as well as diquark or nucleon-nucleon
pairings and may a↵ect the moment of inertia for such
stars [27, 28]. In the non-relativistic domain, the cold
fermionic gas is an ideal place to study the rotational
suppression e↵ect on the fermion pairing and the very
interesting BCS-BEC crossover phenomenon [38–41]. Fi-
nally, while in this paper we limit ourselves to the study
of slow rotation e↵ects, it is worth commenting that

Jiang,Liao (2016)

Other studies: Ebihara,Fukushima,Mameda (2016); Chernodub,Gongyo (2016); 
Wang,Wei,Li,Huang (2018); Zhang,Hou,Liao (2018); … 

More or less accepted consensus: 
Critical temperature  drops with increasing Tc ω

NJL model analysis shows…

↑ Rotation suppresses the chiral condensate

3

coordinate — specifically dependent only on r by virtue
of symmetry. Using the mean-field propagator one can
compute the grand potential of the system:
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Z
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In the above the mean-field quasiparticle dispersion ✏n is
given by ✏n =

p
k2z + k2t +M2 � (n + 1

2 )!. The mean-
field chiral condensate (or equivalently the mass gap M)
at given values of temperature T , chemical potential µ
and rotation !, can then be determined from the usual
gap equation through variation of the order parameter:

�⌦
�M(r) = 0 and �2⌦

�M(r)2 > 0. We will numerically solve
the gap equation for the case of Nf = 2 and Nc = 3 and
present the results below. For the parameters G, Gd and
a cuto↵ scale ⇤ of this model, we choose the standard
values (see e.g. [36]).
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FIG. 1: The mean-field mass gapM (at radius r = 0.1GeV
�1

)

as a function of ! for various fixed value of T .

Let us focus on the zero density case (i.e. µ = 0) and
study how the mass gap changes with T and !. As al-
ready pointed out, the condensate will depend on the
transverse radius r: we have found that the mass gap M
smoothly decreases with r . In the following we will show
results for a particular value of r for simplicity. In Fig. 1
we show M (at radius r = 0.1GeV�1) as a function of
! for various fixed value of T . At all values of temper-
ature, the mass gap decreases with increasing values of
!: this clearly confirms the rotational suppression e↵ect
on the quark-anti-quark pairing in the chiral condensate.
We also see that at low temperature the chiral conden-
sate experiences a first-order transition when ! exceeds
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0.0
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  0.3GeV
  0.6GeV
  0.645GeV
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M
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)

T (GeV)

r = 0.1GeV-1

1st

FIG. 2: The mean-field mass gap M (at radius r =

0.1GeV
�1

) as a function of T for various fixed value of !.

a critical value !c, while at high temperature the chi-
ral condensate vanishes with increasing ! via a smooth
crossover. The !c decreases with increasing temperature.
In Fig. 2 we show M (at radius r = 0.1GeV�1) as a func-
tion of T for various fixed value of !. At very small !, the
mass gap decreases smoothly toward zero with increasing
temperature, indicating a smooth crossover transition as
expected. However when ! becomes large, the transition
becomes stronger and stronger, eventually becoming a
first-order transition as signaled by a sudden jump. The
transition temperature Tc becomes smaller at larger !.
These results could be understood by considering ! as
a sort of “chemical potential” for angular momentum.

Indeed this is evident from Eq.(4): the term ~! · ~̂J is in
direct analogy to a term µ · Q̂ for a conserved charge Q̂.
It is therefore not surprising that the phase transition
behavior at finite ! is very similar to that at finite µ in
the same model.
With the above observation, it is tempting to envi-

sion a new phase diagram of the chiral phase transition
on the T � ! parameter space: see Fig. 3 (as computed
from the present model). It features a chiral-symmetry-
broken phase at low temperature and slow rotation while
a chiral-symmetry-restored phase at high temperature
and/or rapid rotation. A smooth crossover transition
region at high T and low T and a first-order transi-
tion line at low T and high ! are connected by a new
critical end point. Given the present model parameters,
this critical point is located at TCEP = 0.020GeV and
!CEP = 0.644GeV. As already discussed previously,
the “rotational suppression” of the scalar condensate is a
quite generic e↵ect. It is conceivable that similar phase
transition behaviors under rotation would also occur in
other dynamical models for studying chiral condensate.
Superconducting Pairing in Rotating Matter.— To

demonstrate that the “rotational suppression” of the
scalar condensate is a generic e↵ect, we also study an-
other quite di↵erent type of pairing: the fermion-fermion



Deconfinement of rotating matter

6

Braguta,Kotov,Kuznedelev,Roenko (2020,21)
Lattice formulation of imaginary rotation: Yamamoto,Hirono (2013)

In tension with chiral transition!?
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Deconfinement of rotating matter

7

See also: Holography approach: Chen,Zhang,Li,Hou,Huang (2020) 
Compact QED approach: Cherdodub (2020) 

these works also give the same behavior as ours

Our result based on the hadron resonance gas model:

Deconfinement temperature  drops 
with increasing 

Tc
ω

Fujimoto,Fukushima,Hidaka (2021)



Our phenomenological approach

 

 
 

p(T, μ) = ∑
i

pideal
i

pideal
i = ± T

8π2 ∫ dk2
r ∫ dkz (2Si + 1)

× log{1 ± exp[−
Ek,i − μi

T ]}

8

 particle specie (e.g., π, K, p, n, …);  i : Ek,i = k2 + m2
i

Each particle’s contribution is very small, 
but in total, it becomes big

Hadron resonance gas (HRG) model

total pressure:

Only control parameter ; 
Parameter free (fixed by experiments)

(T, μ)



Rotating reference frame
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(   for spin-  particles)s = − S, − S + 1,⋯, S − 1, S S

General coordinate transformation: 
      : non-rotating   →   : rotatingx̄μ xμ

  →   
x̄
ȳ

x = + x̄ cos ωt + ȳ sin ωt
y = − x̄ sin ωt + ȳ cos ωt

gμν = ηab
∂x̄a

∂xμ
∂x̄b

∂xν =
1 − (x2 + y2)ω2 yω −xω 0

yω −1 0 0
−xω 0 −1 0

0 0 0 −1

Energy spectrum:  ε → ε − (ℓ + s)ω



prot
i = ± T

8π2 ∫(ΛIR
ℓ )2

dk2
r ∫ dkz

∞

∑
ℓ=−∞

ℓ+2Si

∑
ν=ℓ

J2
ν (krr)

× log{1 ± exp[−
Ek,i − (ℓ + Si)ω − μi

T ]}

Rotating hadron resonance gas model
p(T, μ, ω) = ∑

i
prot

i

10

pideal
i = ± T

8π2 ∫ dk2
r ∫ dkz (2Si + 1)

× log{1 ± exp[−
Ek,i − μi

T ]}

Compare with non rotating expression:

HRG model is purely hadronic model, 
but how can it capture the deconfinement of quarks?

ΛIR
ℓ = ξℓ,1ω

kr ≥
ξℓ,1
R

momentum discretization

Rω ≤ 1
& causality



P/T4

T
HRG

pQCD gas

lattice QCD

~Tc ~2-3Tc

+ hadronic     
interactions

+ confining 
effects

Deconfinement in hadron resonance gas

11
Taken from: Baym,Hatsuda,Kojo,Powell,Song,Takatsuka (2017)

HRG blow up → Signal for deconfinement



Deconfinement in hadron resonance gas
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ICFNP2015

Figure 2. Top: Hagedorn’s picture illustration of his model prepared for review of 1984 [4]. Bottom on left:
The mass spectrum for a = 3, compared to two sets of experimental data: available in early days to Hagedorn
(long dashed, green) and recent vintage (short-dashed, red). On right: the parameters of Eq. (1): TH and m0 as
functions of the power index a.

same as the other. He created the bootstrap model to compute this spectrum. And, he found that
the spectrum he theoretically predicted agreed with experiment. This was the Hagedorn revolution of
November 1964-January 1965, published as his monumental model [3]: the SBM: Statistical Boot-
strap Model.

The idea of SBM was straightforward, a volume V filled with particles to the limit is itself a new
hadron. This is illustrated in figure 2, top part. This yielded the exponential mass spectrum of hadronic
states

⇢ / em/TH

(m2
0 + m2)a/2

, (1)

where the exponential slope was the Hagedorn temperature TH . The index a was at first believed
shown by Hagedorn to have a value a = 2.5.

In order to determine TH given a limited range of experimental data available for the hadron
resonance mass spectrum, see left hand, bottom, of figure 2, Hagedorn had to use a value of the
parameter a = 2.5. A greater value 7 � a � 3 emerged in a more realistic versions of SBM. As we
see on right in figure 2 the larger is a, the smaller is the expected value of the Hagedorn temperature.
For a discussion of this situation see Ref.[5]. Therefore the value of TH which was at first reported
to be at TH = 164 MeV, was recognized to be well below this upper limit. The mechanism that

Taken from Rafelski (2016)

Z = N∫ dm ρ(m)e−m/T, ρ(m) ∝ em/TH

Hagedorn (1965)

: Hagedorn’s limiting temeperatureTH
hadron mass spectrum:



Our criterion of deconfinement
For each given , we identify  that satisfies the 
following condition as : 

                          

(μ, ω) T
Tc

p
pSB

(T = Tc, μ, ω) = 0.18

13

pSB ≡ (N2
c − 1)pgluon + NcNf(pquark + pantiquark)

p/pSB

T
Tc(ω = 0) = 154 MeV

ω = 0
ω > 0

Tc(ω > 0)
lattice data

0.18



Deconfining boundary
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Deconfinement temperature  drops 
with increasing 

Tc
ω

Fujimoto,Fukushima,Hidaka (2021)



Radial dependence of pressure
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prot
i = ± T

8π2 ∫ dk2
r ∫ dkz

∞

∑
ℓ=−∞

ℓ+2Si

∑
ν=ℓ
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of ` in such a way that the total angular momentum is
j = ` + 1/2, one particle solutions of the Dirac equation
read:

u+ =
e
�i"t+ikzz

p
"+m

0

BB@

("+m)J`(krr)ei`'

0
kzJ`(krr)ei`'

ikrJ`+1(krr)ei(`+1)'

1

CCA . (13)

The other solution, u�, can be expressed similarly (the
explicit expression is found in Ref. [18]). From these solu-
tions the fermionic propagator can be constructed and its
trace involves J2

`
(krr)+J

2
`+1(krr), that is nothing but the

sum we see in Eq. (12) for Si = 1/2.
It is important to note that the integrations and the

sum in Eq. (12) are convergent. We can understand that
from the ! ! 0 limit to recover the standard expression
in the HRG model:

p
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dk log
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k2+m

2
i
�µi

T
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(14)
where gi = 2Si + 1 is the spin degeneracy factor and
this expression is certainly convergent. The dispersion
relation involves an exponentially growing factor, e`!/T ,
but J

2
⌫�`

(krr) has stronger exponential suppression and
Eq. (12) is finite.

There is, however, one subtlety in Eq. (12). As dis-
cussed in Sec. 2, we can avoid unphysical condensates from
the causality bound, but it is time consuming to take the
discrete sum of kr. Here, instead, we shall employ an ap-
proximate and minimal prescription to evade unphysical
condensates. As long as ! is not significantly larger than
⇤QCD, the discretization in high momentum regions is ex-
pected to be a minor e↵ect, and the leading discretization
e↵ect in the low momentum regions is the mass gap. We
can thus introduce an infrared cuto↵ for the kr integration,
⇤IR
`
, defined by

⇤IR
`

= ⇠`,1! , (15)

where, as we already noted, an obvious zero at ⇠ = 0 is
excluded. The kr integration in Eq. (12) is then replaced
as Z

dk
2
r

!
Z

(⇤IR
`

)2
dk

2
r
. (16)

We will elucidate technical procedures in more details in
Sec. 6.

5. Radial dependence

We note that our main formula (12) depends on the
radial coordinate r through J

2
⌫
(krr). There are twofold

intuitive origins for this r dependence. One is possible r

dependence from the boundary e↵ect at R ⇠ 1/!. The
boundary e↵ect exists even for non-rotating matter. We
are interested in not surface singularities (as discussed in
Ref. [36] for example) but bulk properties, and so we can

take as small r as possible for numerical implementation.
Another origin is that the centrifugal force should be sup-
ported by the r dependent part of the pressure.

Let us consider the r dependence from the latter origin.
From the analogy to the relation between the baryon num-
ber density and the pressure: n = @p/@µ, we can express
the angular momentum density as

hji(r) = @p(r)

@!
. (17)

When ! is small in the linear regime, the angular momen-
tum is related to the moment of inertia in the infinitesimal
volume dV as

hji(r) dV ' dI(r)! . (18)

For homogeneous matter with mass density ⇢, we can eas-
ily find the moment of inertia as dI(r) = ⇢r

2
dV . If the

baryon chemical potential is vanishing, ⇢ should be char-
acterized by the temperature T , i.e., ⇢ = �T

4. We can
roughly approximate � from the enthalpy density; namely,
� = 2⌫⇡2

/45 with the thermal degrees of freedom ⌫. Then,
we can approximate:

p(r) = p(0) +�p(r) , �p(r) ' �

2
T

4
r
2
!
2
. (19)

Because � may di↵er for confined hadronic matter and
deconfined matter of quarks and gluons, the deconfinement
point could be in principle dependent on r. Indeed in
the cylinder with a boundary, the possibility of spatially
separated regions of confinement and deconfinement was
pointed out [26].

In the present work, to avoid ambiguous interpretation,
we shall take r! ⌧ 1 so that we can safely neglect the r

dependence: we fix r = 0.01 GeV�1 throughout this work.
If we take the strict limit of r ! 0 in the integrand in
Eq. (12) (assuming that the infinite sum over ` and the
integration with respect to kr are harmless), all the terms
involving J

2
⌫ 6=0(0) = 0 should vanish. Then, only terms

with ⌫ = 0 survive, which are allowed for ` = �2Si to
` = 0, corresponding to the energy shifts from �Si! to
+Si!. Since we redefined ` to simplify Eq. (12), it is a
bit nontrivial to see, but the surviving terms are di↵erent
spin states with zero orbital angular momentum. This is
very natural: at r = 0 the orbital angular momentum is
identically zero and the rotation couples to the spin only.

6. Numerical results

In our HRG model treatment we have adopted the par-
ticle data group list of particles contained in the package of
THERMUS-V3.0 [37] and incorporated the data into our
own numerical codes. To reduce the numerical cost, we im-
pose an ultraviolet mass cuto↵ as ⇤ = 1.5 GeV in Eq. (12).
This also limits the high spin states. With our choice of
⇤ = 1.5 GeV the largest spin states contributing to the
pressure are f2(1270), a2(1320), K⇤

2 (1430), and f2(1430)
with S = 2. The e↵ect of ⇤ on the chemical freezeout
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of ` in such a way that the total angular momentum is
j = ` + 1/2, one particle solutions of the Dirac equation
read:
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The other solution, u�, can be expressed similarly (the
explicit expression is found in Ref. [18]). From these solu-
tions the fermionic propagator can be constructed and its
trace involves J2

`
(krr)+J

2
`+1(krr), that is nothing but the

sum we see in Eq. (12) for Si = 1/2.
It is important to note that the integrations and the

sum in Eq. (12) are convergent. We can understand that
from the ! ! 0 limit to recover the standard expression
in the HRG model:
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where gi = 2Si + 1 is the spin degeneracy factor and
this expression is certainly convergent. The dispersion
relation involves an exponentially growing factor, e`!/T ,
but J

2
⌫�`

(krr) has stronger exponential suppression and
Eq. (12) is finite.

There is, however, one subtlety in Eq. (12). As dis-
cussed in Sec. 2, we can avoid unphysical condensates from
the causality bound, but it is time consuming to take the
discrete sum of kr. Here, instead, we shall employ an ap-
proximate and minimal prescription to evade unphysical
condensates. As long as ! is not significantly larger than
⇤QCD, the discretization in high momentum regions is ex-
pected to be a minor e↵ect, and the leading discretization
e↵ect in the low momentum regions is the mass gap. We
can thus introduce an infrared cuto↵ for the kr integration,
⇤IR
`
, defined by

⇤IR
`

= ⇠`,1! , (15)

where, as we already noted, an obvious zero at ⇠ = 0 is
excluded. The kr integration in Eq. (12) is then replaced
as Z

dk
2
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!
Z

(⇤IR
`

)2
dk

2
r
. (16)

We will elucidate technical procedures in more details in
Sec. 6.

5. Radial dependence

We note that our main formula (12) depends on the
radial coordinate r through J

2
⌫
(krr). There are twofold

intuitive origins for this r dependence. One is possible r

dependence from the boundary e↵ect at R ⇠ 1/!. The
boundary e↵ect exists even for non-rotating matter. We
are interested in not surface singularities (as discussed in
Ref. [36] for example) but bulk properties, and so we can

take as small r as possible for numerical implementation.
Another origin is that the centrifugal force should be sup-
ported by the r dependent part of the pressure.

Let us consider the r dependence from the latter origin.
From the analogy to the relation between the baryon num-
ber density and the pressure: n = @p/@µ, we can express
the angular momentum density as

hji(r) = @p(r)

@!
. (17)

When ! is small in the linear regime, the angular momen-
tum is related to the moment of inertia in the infinitesimal
volume dV as

hji(r) dV ' dI(r)! . (18)

For homogeneous matter with mass density ⇢, we can eas-
ily find the moment of inertia as dI(r) = ⇢r

2
dV . If the

baryon chemical potential is vanishing, ⇢ should be char-
acterized by the temperature T , i.e., ⇢ = �T

4. We can
roughly approximate � from the enthalpy density; namely,
� = 2⌫⇡2

/45 with the thermal degrees of freedom ⌫. Then,
we can approximate:
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Because � may di↵er for confined hadronic matter and
deconfined matter of quarks and gluons, the deconfinement
point could be in principle dependent on r. Indeed in
the cylinder with a boundary, the possibility of spatially
separated regions of confinement and deconfinement was
pointed out [26].

In the present work, to avoid ambiguous interpretation,
we shall take r! ⌧ 1 so that we can safely neglect the r

dependence: we fix r = 0.01 GeV�1 throughout this work.
If we take the strict limit of r ! 0 in the integrand in
Eq. (12) (assuming that the infinite sum over ` and the
integration with respect to kr are harmless), all the terms
involving J

2
⌫ 6=0(0) = 0 should vanish. Then, only terms

with ⌫ = 0 survive, which are allowed for ` = �2Si to
` = 0, corresponding to the energy shifts from �Si! to
+Si!. Since we redefined ` to simplify Eq. (12), it is a
bit nontrivial to see, but the surviving terms are di↵erent
spin states with zero orbital angular momentum. This is
very natural: at r = 0 the orbital angular momentum is
identically zero and the rotation couples to the spin only.

6. Numerical results

In our HRG model treatment we have adopted the par-
ticle data group list of particles contained in the package of
THERMUS-V3.0 [37] and incorporated the data into our
own numerical codes. To reduce the numerical cost, we im-
pose an ultraviolet mass cuto↵ as ⇤ = 1.5 GeV in Eq. (12).
This also limits the high spin states. With our choice of
⇤ = 1.5 GeV the largest spin states contributing to the
pressure are f2(1270), a2(1320), K⇤

2 (1430), and f2(1430)
with S = 2. The e↵ect of ⇤ on the chemical freezeout
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The other solution, u�, can be expressed similarly (the
explicit expression is found in Ref. [18]). From these solu-
tions the fermionic propagator can be constructed and its
trace involves J2

`
(krr)+J

2
`+1(krr), that is nothing but the

sum we see in Eq. (12) for Si = 1/2.
It is important to note that the integrations and the

sum in Eq. (12) are convergent. We can understand that
from the ! ! 0 limit to recover the standard expression
in the HRG model:
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where gi = 2Si + 1 is the spin degeneracy factor and
this expression is certainly convergent. The dispersion
relation involves an exponentially growing factor, e`!/T ,
but J

2
⌫�`

(krr) has stronger exponential suppression and
Eq. (12) is finite.

There is, however, one subtlety in Eq. (12). As dis-
cussed in Sec. 2, we can avoid unphysical condensates from
the causality bound, but it is time consuming to take the
discrete sum of kr. Here, instead, we shall employ an ap-
proximate and minimal prescription to evade unphysical
condensates. As long as ! is not significantly larger than
⇤QCD, the discretization in high momentum regions is ex-
pected to be a minor e↵ect, and the leading discretization
e↵ect in the low momentum regions is the mass gap. We
can thus introduce an infrared cuto↵ for the kr integration,
⇤IR
`
, defined by

⇤IR
`

= ⇠`,1! , (15)

where, as we already noted, an obvious zero at ⇠ = 0 is
excluded. The kr integration in Eq. (12) is then replaced
as Z

dk
2
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. (16)

We will elucidate technical procedures in more details in
Sec. 6.

5. Radial dependence

We note that our main formula (12) depends on the
radial coordinate r through J

2
⌫
(krr). There are twofold

intuitive origins for this r dependence. One is possible r

dependence from the boundary e↵ect at R ⇠ 1/!. The
boundary e↵ect exists even for non-rotating matter. We
are interested in not surface singularities (as discussed in
Ref. [36] for example) but bulk properties, and so we can

take as small r as possible for numerical implementation.
Another origin is that the centrifugal force should be sup-
ported by the r dependent part of the pressure.

Let us consider the r dependence from the latter origin.
From the analogy to the relation between the baryon num-
ber density and the pressure: n = @p/@µ, we can express
the angular momentum density as

hji(r) = @p(r)

@!
. (17)

When ! is small in the linear regime, the angular momen-
tum is related to the moment of inertia in the infinitesimal
volume dV as

hji(r) dV ' dI(r)! . (18)

For homogeneous matter with mass density ⇢, we can eas-
ily find the moment of inertia as dI(r) = ⇢r

2
dV . If the

baryon chemical potential is vanishing, ⇢ should be char-
acterized by the temperature T , i.e., ⇢ = �T

4. We can
roughly approximate � from the enthalpy density; namely,
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/45 with the thermal degrees of freedom ⌫. Then,
we can approximate:
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Because � may di↵er for confined hadronic matter and
deconfined matter of quarks and gluons, the deconfinement
point could be in principle dependent on r. Indeed in
the cylinder with a boundary, the possibility of spatially
separated regions of confinement and deconfinement was
pointed out [26].

In the present work, to avoid ambiguous interpretation,
we shall take r! ⌧ 1 so that we can safely neglect the r

dependence: we fix r = 0.01 GeV�1 throughout this work.
If we take the strict limit of r ! 0 in the integrand in
Eq. (12) (assuming that the infinite sum over ` and the
integration with respect to kr are harmless), all the terms
involving J

2
⌫ 6=0(0) = 0 should vanish. Then, only terms

with ⌫ = 0 survive, which are allowed for ` = �2Si to
` = 0, corresponding to the energy shifts from �Si! to
+Si!. Since we redefined ` to simplify Eq. (12), it is a
bit nontrivial to see, but the surviving terms are di↵erent
spin states with zero orbital angular momentum. This is
very natural: at r = 0 the orbital angular momentum is
identically zero and the rotation couples to the spin only.

6. Numerical results

In our HRG model treatment we have adopted the par-
ticle data group list of particles contained in the package of
THERMUS-V3.0 [37] and incorporated the data into our
own numerical codes. To reduce the numerical cost, we im-
pose an ultraviolet mass cuto↵ as ⇤ = 1.5 GeV in Eq. (12).
This also limits the high spin states. With our choice of
⇤ = 1.5 GeV the largest spin states contributing to the
pressure are f2(1270), a2(1320), K⇤

2 (1430), and f2(1430)
with S = 2. The e↵ect of ⇤ on the chemical freezeout
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The other solution, u�, can be expressed similarly (the
explicit expression is found in Ref. [18]). From these solu-
tions the fermionic propagator can be constructed and its
trace involves J2
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`+1(krr), that is nothing but the

sum we see in Eq. (12) for Si = 1/2.
It is important to note that the integrations and the
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from the ! ! 0 limit to recover the standard expression
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where gi = 2Si + 1 is the spin degeneracy factor and
this expression is certainly convergent. The dispersion
relation involves an exponentially growing factor, e`!/T ,
but J

2
⌫�`

(krr) has stronger exponential suppression and
Eq. (12) is finite.

There is, however, one subtlety in Eq. (12). As dis-
cussed in Sec. 2, we can avoid unphysical condensates from
the causality bound, but it is time consuming to take the
discrete sum of kr. Here, instead, we shall employ an ap-
proximate and minimal prescription to evade unphysical
condensates. As long as ! is not significantly larger than
⇤QCD, the discretization in high momentum regions is ex-
pected to be a minor e↵ect, and the leading discretization
e↵ect in the low momentum regions is the mass gap. We
can thus introduce an infrared cuto↵ for the kr integration,
⇤IR
`
, defined by

⇤IR
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= ⇠`,1! , (15)

where, as we already noted, an obvious zero at ⇠ = 0 is
excluded. The kr integration in Eq. (12) is then replaced
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We will elucidate technical procedures in more details in
Sec. 6.

5. Radial dependence

We note that our main formula (12) depends on the
radial coordinate r through J
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⌫
(krr). There are twofold

intuitive origins for this r dependence. One is possible r

dependence from the boundary e↵ect at R ⇠ 1/!. The
boundary e↵ect exists even for non-rotating matter. We
are interested in not surface singularities (as discussed in
Ref. [36] for example) but bulk properties, and so we can

take as small r as possible for numerical implementation.
Another origin is that the centrifugal force should be sup-
ported by the r dependent part of the pressure.

Let us consider the r dependence from the latter origin.
From the analogy to the relation between the baryon num-
ber density and the pressure: n = @p/@µ, we can express
the angular momentum density as

hji(r) = @p(r)
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. (17)

When ! is small in the linear regime, the angular momen-
tum is related to the moment of inertia in the infinitesimal
volume dV as

hji(r) dV ' dI(r)! . (18)

For homogeneous matter with mass density ⇢, we can eas-
ily find the moment of inertia as dI(r) = ⇢r

2
dV . If the

baryon chemical potential is vanishing, ⇢ should be char-
acterized by the temperature T , i.e., ⇢ = �T

4. We can
roughly approximate � from the enthalpy density; namely,
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we can approximate:

p(r) = p(0) +�p(r) , �p(r) ' �

2
T

4
r
2
!
2
. (19)

Because � may di↵er for confined hadronic matter and
deconfined matter of quarks and gluons, the deconfinement
point could be in principle dependent on r. Indeed in
the cylinder with a boundary, the possibility of spatially
separated regions of confinement and deconfinement was
pointed out [26].

In the present work, to avoid ambiguous interpretation,
we shall take r! ⌧ 1 so that we can safely neglect the r

dependence: we fix r = 0.01 GeV�1 throughout this work.
If we take the strict limit of r ! 0 in the integrand in
Eq. (12) (assuming that the infinite sum over ` and the
integration with respect to kr are harmless), all the terms
involving J

2
⌫ 6=0(0) = 0 should vanish. Then, only terms

with ⌫ = 0 survive, which are allowed for ` = �2Si to
` = 0, corresponding to the energy shifts from �Si! to
+Si!. Since we redefined ` to simplify Eq. (12), it is a
bit nontrivial to see, but the surviving terms are di↵erent
spin states with zero orbital angular momentum. This is
very natural: at r = 0 the orbital angular momentum is
identically zero and the rotation couples to the spin only.

6. Numerical results

In our HRG model treatment we have adopted the par-
ticle data group list of particles contained in the package of
THERMUS-V3.0 [37] and incorporated the data into our
own numerical codes. To reduce the numerical cost, we im-
pose an ultraviolet mass cuto↵ as ⇤ = 1.5 GeV in Eq. (12).
This also limits the high spin states. With our choice of
⇤ = 1.5 GeV the largest spin states contributing to the
pressure are f2(1270), a2(1320), K⇤

2 (1430), and f2(1430)
with S = 2. The e↵ect of ⇤ on the chemical freezeout
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moment of inertia ∝ r2

(cf: )n = ∂p/∂μ

σ = 3.21
 can be read off from the plotσ

Thermal d.o.f.: 
ν ≃ 7 ( )σ = 2π2ν

45

larger than pion gas, but smaller than QGP → crossover region
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larger pressure outside 

→ smaller free energy outside 

→ Poyakov loop becomes 

     larger outside

centrifugal force vs pressure gradient

e−fq/T = ⟨1eig ∫ dx4A4⟩



Summary
- Estimated the rotation effect on the deconfinement 

transition in QCD: 
the critical temperature  drops with increasing rotation 

- We used the Hadron Resonance Gas model:  a 
phenomenological and parameter-free approach 

- Still there is a tension between our and the lattice result; 
We are looking for the thermodynamics at finite rotation on 
lattice. 

- Radial dependent pressure may be interesting to see in the 
future analysis. Also, HRG only for gluonic sector?

Tc
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