
! Evgeny Epelbaum, RUB XXXIII International Workshop on High Energy Physics
Online, November 8-12, 2021

Precision nuclear physics with chiral EFT

Calculation of the 2H structure radius: ~1‰ accuracy 

Determination of the πN coupling constants: ~1% accuracy 
Reinert, Krebs, EE,  Phys. Rev. Lett. 126 (2021) 9, 092501

Filin, Baru, EE, Krebs, Möller, Reinert, Phys. Rev. Lett. 124 (2020) 082501,
                                                                Phys. Rev. C 103 (2021) 024313



!

Fundamental observables that control the strength of the nuclear 
forces due to π-exchange

Insights into isospin breaking at the hadronic/nuclear levels   

Gold-plated benchmarks for lattice-QCD + QED  [talk by Constantia Alexandrou]

Precision determination 
of pion-nucleon coupling constants

Patrick Reinert, Hermann Krebs, EE, Phys. Rev. Lett. 126 (2021) 9, 092501



!

axial form factor

Interaction of the nucleon with the isovector weak current              in the isospin limit:hN(p0)|Aµ
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fundamental observables that control the strength of nuclear forces

Away from the isospin limit, one has to introduce 3 coupling constants:
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πN coupling constants & nucleon FFs

— axial FF: a smooth function near q2 = 0; axial charge: 

— induced pseudoscalar FF:
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— Goldberger-Treiman relation:
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�
µ
GA(q

2) +
q
µ

2mN

GP (q
2)

�
�5

⌧i

2
u(p) ,

gA ⌘ GA(0) = 1.2724(23)

GP (q
2) = 4mN

g⇡NN F⇡

(M2

⇡
� q2)

+ non-pole terms

F⇡g⇡NN = gAmN(1 + �GT)

f⇡NN = M⇡± g⇡NN/(2
p
4⇡mN)

fp ⌘ f⇡0pp =
M⇡± g⇡0pp

2
p
4⇡mp

fn ⌘ f⇡0nn =
M⇡± g⇡0nn

2
p
4⇡mn

fc ⌘ f⇡±pn =
M⇡± g⇡±pn

p
4⇡(mp + mn)

(0, ~k)
(P0, �

~k/2), �d

(P0,
~k/2), �0

d

rstr = 1.971 fm

max

✓
p

⇤b

,
M

e↵

⇡

⇤b

◆

p(D|f
2
C⇤) =

1

N
e
�1

2�
2
, (1)

p(f2
|D) =

Z
d⇤ dC p(f2

C⇤|D) =

Z
d⇤ dC

p(D|f
2
C⇤) p(f2

C⇤)

p(D)
. (2)

p(D|f
2
C⇤)

p(D|f
2
C⇤) ⇡

1

N
e
�1

2 [�
2
min+

1
2 (C�Cmin)

T
H(C�Cmin)] , (3)

�
2

min
⌘ �

2

min
(f2

,⇤) at Cmin ⌘ Cmin(f2
,⇤) and Hij(f2

,⇤) = @
2
�

2

@Ci@Cj

��
C=Cmin

.

1



!πN coupling constants: Some earlier determinations
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— fixed-t dispersion relations of πN 
     scattering 

— πN scattering lengths + Goldber-
     ger-Miyazawa-Oehme sum rule

— proton-antiproton PWA 

— neutron-proton (+ proton-proton) PWA 

Markopoulou-Kalamara, Bugg ’93; Arndt et al. ’04

Ericson et al. ’02; Baru et al. ’11

Timmermans et al. ’94

Klomp et al. ’91; Stoks et al. ’93; Bugg et al. ’95;
de Swart et al. ’97; Rentmeester et al.  ’99

2017 Granada PWA: evidence for 
significant charge dependence of 
the coupling constants:
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Navarro Perez et al., PRC 95 (2017) 6, 064001 
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!Anatomy of the calculation

1. Experimental data:
— About 8000 published np and pp scattering data below Elab = 350 MeV. Not all data 
    are mutually compatible… 
— Selections of mutually compatible data: Nijmegen 1993, Granada 2013, 2017
— Performed own selection of compatible data (found some differences to Granada…)

The goal: Bayesian determination of ,  and  by performing a full-fledged PWA of NN data 
up to pion-production threshold in the framework of chiral EFT 

f 2
c f 2

p f 2
0

2. Interaction model (chiral EFT):

— Long-range EM interactions 
    (included in all PWA…)

— Semi-local chiral NN interaction at N4LO+ 
     from P. Reinert, H. Krebs, EE, EPJA 54 (2018) 88 …

25 (+ 2 IB)
contact terms

parameter-free: all N LECs fixed 
from the N-system, no IB for  …

π
π f 2

i

The treatment of isospin-breaking (IB) 
contributions was incomplete  (limited 
to that of Nijmegen/Granada PWA)

We now include all charge-independence & charge-symmetry-breaking terms to N4LO.



!Overview of isospin-breaking contributions

...... ...

N4LO

N3LO

N2LO

NLO

3

Have been employed in  Reinert, Krebs, EE, EPJA 54 (2018) 88

Parameter-free: depend on δMπ, δm = 1.29 MeV and 
(δm)QCD = 2.05(30) MeV [Gasser, Leutwyler ’75]

Depend on 3 πN coupling constants + 3 IB contact 
terms in p-waves

van Kolck et al.’98; Friar et al. ’99,’03,’04; Niskanen ’02; EE, Meißner ’05

Isospin-breaking NN forces

use Bayes’ theorem

hN(p0)|Aµ

i
(0)|N(p)i = ū(p0)
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NN data just a normalization constant

3. Bayesian determination of the N coupling constants :π f 2 ≡ {f 2
c , f 2

p , f 2
0}

34 free parameters comprising:
   — 3 N coupling constants,
   — 25 IC + 5 IB contacts,
   — and a cutoff 

π

Λ



!Determination of the πN constants
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!Determination of the πN constants
Our result:

statistical and systematic 
errors due to the EFT trun-
cation, choice of Emax and 
data selection

uncertainty in 
the subleading 
πN LECs

Contrary to the Granada group, we 
see no evidence for charge depen-
dence of the πN coupling constants

Our      value is consistent with the 
extractions from the πN system
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�
µ
GA(q

2) +
q
µ

2mN

GP (q
2)

�
�5

⌧i

2
u(p) ,

gA ⌘ GA(0) = 1.2724(23)

GP (q
2) = 4mN

g⇡NN F⇡

(M2

⇡
� q2)

+ non-pole terms

F⇡g⇡NN = gAmN(1 + �GT)

f⇡NN = M⇡± g⇡NN/(2
p
4⇡mN)

f
2

0
= �f⇡0nn f⇡0pp

f
2

p
= f⇡0pp f⇡0pp

2f2

c
= f⇡±pn f⇡±pn

fp ⌘ f⇡0pp =
M⇡± g⇡0pp

2
p
4⇡mp

fn ⌘ f⇡0nn =
M⇡± g⇡0nn

2
p
4⇡mn

fc ⌘ f⇡±pn =
M⇡± g⇡±pn

p
4⇡(mp + mn)

(0, ~k)
(P0, �

~k/2), �d

(P0,
~k/2), �0

d

rstr = 1.971 fm

max

✓
p

⇤b

,
M

e↵

⇡

⇤b

◆

p(D|f
2
C⇤) =

1

N
e
�1

2�
2
, (1)

p(f2
|D) =

Z
d⇤ dC p(f2

C⇤|D) =

Z
d⇤ dC

p(D|f
2
C⇤) p(f2

C⇤)

p(D)
. (2)

1

f 20

f 2p

f 2c

f 2i
0.072 0.073 0.074 0.075 0.076 0.077 0.078 0.079 0.08

This work

This work

This work

2017 Navarro Pérez et al.

2017 Navarro Pérez et al.

2017 Navarro Pérez et al.

2011

2004

2002

1995

1994

1993

1993

1999

1995

1993

1997

1991

0.072 0.073 0.074 0.075 0.076 0.077 0.078 0.079 0.08

⇤ 2 [400MeV, 550MeV]

p(C) = (
p
2⇡C̄)�30 exp(� ~C

2
/(2C̄2)) C̄ = 5

p(D|f
2
C⇤) =

1

N
e
�1

2�
2
, (4)

p(f2
|D) =

Z
d⇤ dC p(f2

C⇤|D) =

Z
d⇤ dC

p(D|f
2
C⇤) p(f2

C⇤)

p(D)
. (5)

p(f2
|D) =

1

Ñ
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Using the PDG-2020 value for the 
axial charge gA = 1.2756(13), the 
GT discrepancy amounts to (fc): 
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— employed a Bayesian approach to account for
     statistical and systematic uncertainties

— extracted πN couplings from NN data in EFTχ

Summary of the first part:

— achieved a statistically perfect description of 
     NN data (  for ~ 5000 data in 
     the energy range of )

χ2 /dat = 1.005
Elab = 0 − 280 MeV

Pionic hydrogen exp. at PSI (GMO sum rule)
[Hirtl et al., Eur. Phys. J. A57 (2021) 2, 70]

Our  value corresponding to    reads:gπNN f 2
c

gπNN = 13.23 ± 0.04

 :    ϵπH
1s + ϵπD

1s gπNN = 13.10 ± 0.10

 :    ΓπH
1s gπNN = 13.24 ± 0.10



!High-accuracy calculation 
of the deuteron charge and quadrupole FFs

Arseniy Filin, Vadim Baru, EE, Hermann Krebs, Daniel Möller, Patrick Reinert, Phys. Rev. Lett. 124 (2020) 082501;

Phys. Rev. C103 (2021) 024313

provides a nontrivial test the new chiral NN interactions

can shed new light on the long-standing issue with underpredicted 
radii of medium-mass and heavy nuclei

opens a way to extract the neutron radius from few-N data



!How big is a neutron?
Famous proton radius puzzle: pre-2010 electron-based experiments give the 
radius  larger than muon-based experiments.> 7σ

CODATA-2018 recommended value:  rp = 0.8414 ± 0.0019 fm

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)

WEIGHTED AVERAGE
-0.1161±0.0022 (Error scaled by 1.3)

KROHN 73 0.1
ALEKSANDR... 86 3.9
KOESTER 95 0.5
KOPECKY 97 1.8
KOPECKY 97 0.1

χ2

       6.5
(Confidence Level = 0.164)

-0.15 -0.14 -0.13 -0.12 -0.11 -0.1 -0.09

n mean-square charge radius

n MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUS

This is the rms magnetic radius,
√

〈

r2
M

〉

.

VALUE (fm) DOCUMENT ID COMMENT

0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE

0.89 ±0.03 EPSTEIN 14 Using e p, e n, ππ data

0.862+0.009
−0.008 BELUSHKIN 07 Dispersion analysis

n ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αn

Following is the electric polarizability αn defined in terms of the induced
electric dipole moment by DDDD = 4πε0αnEEEE. For a review, see SCHMIED-
MAYER 89.

For very complete reviews of the polarizability of the nucleon and Compton
scattering, see SCHUMACHER 05 and GRIESSHAMMER 12.

VALUE (10−4 fm3) DOCUMENT ID TECN COMMENT

11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE

11.55± 1.25±0.8 MYERS 14 CNTR γd → γd

12.5 ± 1.8 +1.6
−1.3

1 KOSSERT 03 CNTR γd → γpn

12.0 ± 1.5 ±2.0 SCHMIEDM... 91 CNTR n Pb transmission

10.7 + 3.3
−10.7 ROSE 90B CNTR γd → γnp

HTTP://PDG.LBL.GOV Page 6 Created: 6/5/2018 19:00

What do we know about the neutron radius?
— no neutron targets; extrapolations of  extracted from 2H not reliable…Gn

C(Q2)
— the only information comes from (old) n-scattering experiments on Pb, Bi, …  

PDG recommended value:   r2
n = − 0.1161 ± 0.0022 fm2

Idea: accurate calculation of the 2H 
structure radius 

along with 1H-2H isotope shifts data 

can be used to extract  !r2
n

r2
str = r2

d − r2
p − r2

n −
3

4m2
p

r2
d − r2

p = 3.82007(65) fm2

Jentschura et al., PRA 83 (2011)



Calculation of the deuteron charge radius:

!Outline of the calculation

The deuteron charge radius is defined in terms of 
the charge form factor GC 

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

which can be computed as (in the Breit frame):

The matrix element is given by:

JB0ψλ ψλ’
p

n

4

(a) (b)

+ +=

(c)

P, �d P 0, �0
d

k

FIG. 2. The matrix element hP 0,�0
d | Jµ |P,�di written as a sum of single-nucleon contributions (a) and (b) and two-nucleon

contributions (c). Single line — electron, double line — deuteron, wiggly line — photon, black dot — full photon nucleon
interaction, gray rectangle — all two-nucleon operators.

2. N +N + � ! N +N nucleon electromagnetic current sub-diagram

3. N +N ! d vertex

The nucleon electromagnetic current N +N + � ! N +N can itself be of two di↵erent types:

1. Single-nucleon electromagnetic current, where the photon interacts only with one of the nucleons and the second
one is just a spectator as shown in Fig. 2(a) and (b)

2. Two-nucleon electromagnetic current, where both nucleons exchange momenta, when interacting with the photon
as shown in Fig. 2(c).

In general, one can use explicitly Lorentz-invariant four-dimensional formalism to calculate those d + � ! d
diagrams.6 However since we are interested in the low-energy behavior of deuteron form factors, we can use expansion
around non-relativistic limit and consider relativistic corrections only when required by power counting. In the
non-relativistic approach both initial and final NNd vertices are expressed in terms of the deuteron wave function.

Our calculation procedure can be summarized as follows. First we write the N + � ! N and N +N + � ! N +N
charge density operators in nonrelativistic form. Then we perform partial wave decomposition of these operators.
Finally we calculate convolution of the partial wave decomposed charge density with the deuteron wave function also
calculated in partial wave basis.

At first all the calculations using DWF in the rest frame, i.e. ignoring deuteron motion. As a separate step
(discussed in Section VI) we consider relativistic corrections coming from boosting of deuteron wave function to the
Breit frame. According to our power counting, these corrections are only relevant for single-nucleon operators. Since
two-nucleon operators are themselves highly suppressed compared to single-nucleon ones, the relativistic corrections
to the two-nucleon operators are negligible.

IV. CHARGE DENSITY OPERATORS

In this section we discuss charge density operators, which we use to calculate deuteron from factors. First we
explain our power counting scheme, then we consider single-nucleon contributions, meson-exchange currents (MEC)
and contact (N4LO) contributions. Regularization of all these charge density operators is discussed in the next section.

A. Power counting

[ToDo: add a general discussion of power counting]
Here is a practical summary of our power counting:

• For LO calculation we use LO DWF, leading single-nucleon charge density without 1/MN and higher corrections,
but including full phenomenological single-nucleon form factor.

• For NLO calculation we use NLO DWF and include 1/MN corrections.

6
An example of covariant calculation of single-nucleon contributions can be found in Ref. [27]
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calculated consistently 
in chiral EFT

Precision calculation of the deuteron charge radius in chiral EFT relies upon:

— accurate, high-precision two-nucleon interactions
— consistent charge density operator 
— careful error analysis
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!Nuclear electromagnetic currents

single-nucleon two-nucleon

LO

NLO

N2LO

N3LO

depend on d8, d9, d18, d21, d22,
no 1/m corrections… 

parameter-free

depend on C2, C4, C5, C7 + L1, L2; 
no loop corrections depend on CT

parameter-free static two-pion exchange
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current charge

Kölling, EE, Krebs, Meißner, PRC 80 (09) 045502;  PRC 86 (12) 047001;  Krebs, EE, Meißner, FBS 60 (2019) 31

Can be 
parametrized 
in terms of the 
nucleon FFs

For review see:
H. Krebs, EPJA 56 (2020) 240

+ N4LO
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!Deuteron charge and quadrupole FFs
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)
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, (63)
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FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)

 
3X

i=0

ai exp(�biQ
2)

!�1

, (63)

21

�����

�����

����� �

|��(�)|
���

���

���

���

��(�)������

�
�

�
����

����

�
�

�
	



�

�

��� � ��

���

�
[�

-�]

��(�)

�
�

�
	




���

���

���

�
[�

-�]

��(�)������

F
IG

.
5.

(C
olor

on
lin

e)
L
eft

p
an

el:
th
e
d
eu

teron
ch
arge

an
d

q
u
ad

ru
p
ole

F
F
s
calcu

lated
at

N
4L

O
for

th
e
cu

to↵
ch
oice

of
⇤

=
500

M
eV

(solid
red

lin
es)

alon
g
w
ith

th
e
estim

ated
tru

n
cation

error
(68%

d
egree-of-b

elief)
sh
ow

n
b
y
th
e
ligh

t-sh
ad

ed
b
an

d
.
B
an

d
s
b
etw

een
d
ash

ed
(red

)
lin

es
corresp

on
d
to

a
1�

error
in

th
e
d
eterm

in
ation

of
th
e
tw

o
sh
ort-ran

ge
con

trib
u
tion

s
at

N
4L

O
.
R
igh

t
p
an

el:
th
e
sam

e
form

factors
d
iv
id
ed

b
y
th
e
scalin

g
fu
n
ction

s
as

d
efi

n
ed

in
E
q
.
(63)

an
d
(64).

O
p
en

v
iolet

circles
an

d
green

trian
gles

are
ex
p
erim

en
tal

d
ata

from
R
efs.

[57]
an

d
[55],

resp
ectively.

B
lack

solid
circles

corresp
on

d
to

th
e

p
aram

etrization
of

th
e
d
eu

teron
F
F
s
from

R
efs.

[35,
119].

B
.

R
e
su

lts
fo
r
th

e
d
e
u
te

ro
n

fo
rm

fa
cto

rs

T
h
e
resu

lts
for

th
e
d
eu
teron

ch
arge

an
d
qu

ad
ru
p
ole

F
F
s
from

th
e
b
est

fi
t
to

d
ata

u
p
to

Q
=

6
fm

�
1,

evalu
ated

for
th
e
cu
to↵

⇤
=

500
M
eV

,
are

visu
alized

in
F
ig.

5
togeth

er
w
ith

th
e
N

4L
O

tru
n
cation

errors
an

d
statistical

u
n
certainty

of
th
e
L
E
C
’s

in
⇢
r
e
g

C
o
n
t
from

E
q.

(39).
T
h
e
p
lot

contain
s
tw

o
th
eoretical

u
n
certainty

b
an

d
s:

th
e
light-sh

ad
ed

b
an

d
stan

d
s
for

th
e
estim

ated
tru

n
cation

error
corresp

on
d
in
g
to

th
e
68%

d
egree-of-b

elief
interval,

w
h
ile

th
e
b
an

d
b
etw

een
lon

g-d
ash

ed
(red

)
lin

es
corresp

on
d
s
to

a
1
�
error

in
th
e
d
eterm

in
ation

of
th
e
tw

o
sh
ort-ran

ge
contrib

u
tion

s
at

N
4L

O
.

In
p
rin

cip
le,

th
ese

tw
o
u
n
certainty

b
an

d
s
are

n
ot

fu
lly

in
d
ep

en
d
ent

sin
ce

th
e
tru

n
cation

error
is

also
in
clu

d
ed

in
th
e

estim
ate

of
th
e
1
�
error

for
th
e
L
E
C
s
in

th
e
ch
arge

d
en
sity

op
erator

as
d
iscu

ssed
in

p
reviou

s
S
ection

.
In

th
is

w
ay,

h
ow

ever,
th
e
tru

n
cation

error
is

estim
ated

m
ore

con
servatively.

S
in
ce

th
e
variation

of
th
e
F
F
s
at

sm
all

Q
-valu

es
is

d
i�

cu
lt

to
see

on
th
e
logarith

m
ic

scale,
w
e
also

p
lot

th
e
rescaled

F
F
s
u
sin

g
a
lin

ear
scale

in
th
e
right

p
an

els
of

F
ig.

5.
S
p
ecifi

cally,
follow

in
g
R
ef.

[35],
w
e
d
efi
n
e
th
e
rescaled

ch
arge

an
d
qu

ad
ru
p
ole

F
F
s
via

G
s
c
a
le
d

C
(
Q
)
=

G
C
(
Q
)  

3
Xi
=
0

a
i exp

(
�
b
i Q

2) !
�
1

,
(63)

21

�����

�����

����� �

|��(�)|

���

���

���

���

��(�)������

�
�

�
����

����

�
�

�
	



�

�

��� � ��

���

�
[�

-�]

��(�)

�
�

�
	




���

���

���

�
[�

-�]

��(�)������

F
IG

.
5.

(C
olor

on
lin

e)
L
eft

p
an

el:
th
e
d
eu

teron
ch
arge

an
d

q
u
ad

ru
p
ole

F
F
s
calcu

lated
at

N
4L

O
for

th
e
cu

to↵
ch
oice

of
⇤

=
500

M
eV

(solid
red

lin
es)

alon
g
w
ith

th
e
estim

ated
tru

n
cation

error
(68%

d
egree-of-b

elief)
sh
ow

n
b
y
th
e
ligh

t-sh
ad

ed
b
an

d
.
B
an

d
s
b
etw

een
d
ash

ed
(red

)
lin

es
corresp

on
d
to

a
1�

error
in

th
e
d
eterm

in
ation

of
th
e
tw

o
sh
ort-ran

ge
con

trib
u
tion

s
at

N
4L

O
.
R
igh

t
p
an

el:
th
e
sam

e
form

factors
d
iv
id
ed

b
y
th
e
scalin

g
fu
n
ction

s
as

d
efi

n
ed

in
E
q
.
(63)

an
d
(64).

O
p
en

v
iolet

circles
an

d
green

trian
gles

are
ex
p
erim

en
tal

d
ata

from
R
efs.

[57]
an

d
[55],

resp
ectively.

B
lack

solid
circles

corresp
on

d
to

th
e

p
aram

etrization
of

th
e
d
eu

teron
F
F
s
from

R
efs.

[35,
119].

B
.

R
e
su

lts
fo
r
th

e
d
e
u
te

ro
n

fo
rm

fa
cto

rs

T
h
e
resu

lts
for

th
e
d
eu
teron

ch
arge

an
d
qu

ad
ru
p
ole

F
F
s
from

th
e
b
est

fi
t
to

d
ata

u
p
to

Q
=

6
fm

�
1,

evalu
ated

for
th
e
cu
to↵

⇤
=

500
M
eV

,
are

visu
alized

in
F
ig.

5
togeth

er
w
ith

th
e
N

4L
O

tru
n
cation

errors
an

d
statistical

u
n
certainty

of
th
e
L
E
C
’s

in
⇢
r
e
g

C
o
n
t
from

E
q.

(39).
T
h
e
p
lot

contain
s
tw

o
th
eoretical

u
n
certainty

b
an

d
s:

th
e
light-sh

ad
ed

b
an

d
stan

d
s
for

th
e
estim

ated
tru

n
cation

error
corresp

on
d
in
g
to

th
e
68%

d
egree-of-b

elief
interval,

w
h
ile

th
e
b
an

d
b
etw

een
lon

g-d
ash

ed
(red

)
lin

es
corresp

on
d
s
to

a
1
�
error

in
th
e
d
eterm

in
ation

of
th
e
tw

o
sh
ort-ran

ge
contrib

u
tion

s
at

N
4L

O
.

In
p
rin

cip
le,

th
ese

tw
o
u
n
certainty

b
an

d
s
are

n
ot

fu
lly

in
d
ep

en
d
ent

sin
ce

th
e
tru

n
cation

error
is

also
in
clu

d
ed

in
th
e

estim
ate

of
th
e
1
�
error

for
th
e
L
E
C
s
in

th
e
ch
arge

d
en
sity

op
erator

as
d
iscu

ssed
in

p
reviou

s
S
ection

.
In

th
is

w
ay,

h
ow

ever,
th
e
tru

n
cation

error
is

estim
ated

m
ore

con
servatively.

S
in
ce

th
e
variation

of
th
e
F
F
s
at

sm
all

Q
-valu

es
is

d
i�

cu
lt

to
see

on
th
e
logarith

m
ic

scale,
w
e
also

p
lot

th
e
rescaled

F
F
s
u
sin

g
a
lin

ear
scale

in
th
e
right

p
an

els
of

F
ig.

5.
S
p
ecifi

cally,
follow

in
g
R
ef.

[35],
w
e
d
efi
n
e
th
e
rescaled

ch
arge

an
d
qu

ad
ru
p
ole

F
F
s
via

G
s
c
a
le
d

C
(
Q
)
=

G
C
(
Q
)  

3
Xi
=
0

a
i exp

(
�
b
i Q

2) !
�
1

,
(63)

21

�����

�����

�����

�

|�
�
(�

)|

���

���

���

���

�
�
(�

) ��
��
��

� � �����

����

� � � 	 
 � �

���

�

��

���

� [�-�]

�
�
(�

)

� � � 	 


���

���

���

� [�-�]
�
�
(�

) ��
��
��

FIG. 5. (Color online) Left panel: the deuteron charge and quadrupole FFs calculated at N4LO for the cuto↵ choice of
⇤ = 500 MeV (solid red lines) along with the estimated truncation error (68% degree-of-belief) shown by the light-shaded
band. Bands between dashed (red) lines correspond to a 1� error in the determination of the two short-range contributions
at N4LO. Right panel: the same form factors divided by the scaling functions as defined in Eq. (63) and (64). Open violet
circles and green triangles are experimental data from Refs. [57] and [55], respectively. Black solid circles correspond to the
parametrization of the deuteron FFs from Refs. [35, 119].

B. Results for the deuteron form factors

The results for the deuteron charge and quadrupole FFs from the best fit to data up to Q = 6 fm�1, evaluated for
the cuto↵ ⇤ = 500 MeV, are visualized in Fig. 5 together with the N4LO truncation errors and statistical uncertainty
of the LEC’s in ⇢

reg

Cont
from Eq. (39). The plot contains two theoretical uncertainty bands: the light-shaded band

stands for the estimated truncation error corresponding to the 68% degree-of-belief interval, while the band between
long-dashed (red) lines corresponds to a 1� error in the determination of the two short-range contributions at N4LO.
In principle, these two uncertainty bands are not fully independent since the truncation error is also included in the
estimate of the 1� error for the LECs in the charge density operator as discussed in previous Section. In this way,
however, the truncation error is estimated more conservatively.

Since the variation of the FFs at small Q-values is di�cult to see on the logarithmic scale, we also plot the rescaled
FFs using a linear scale in the right panels of Fig. 5. Specifically, following Ref. [35], we define the rescaled charge
and quadrupole FFs via

G
scaled

C
(Q) = GC(Q)
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, (63)

The charge and quadrupole form factors of the deuteron at N4LO

Filin et al., PRL 124 (2020)
Filin et al., PRC 103 (2021)

The extracted structure radius
and quadrupole moment:

Filin, Möller, Baru, EE, Krebs, Reinert, PRL 124 (2020) 082501;  PRC 103 (2021) 024313

IB effects are significant for : using the 2018 N4LO+ potential would lead to Qd Qd = 0.2803 fm2

statistical and systematic errors due to 
the EFT truncation, choice of fitting range 

and N LECsπ

The value of  is to be compared with  Qd Qexp
d = 0.285 699(15)(18) fm2

rstr = 1.9729+0.0015
−0.0012 fm

Qd = 0.2854+0.0038
−0.0017 fm

2

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)

WEIGHTED AVERAGE
-0.1161±0.0022 (Error scaled by 1.3)

KROHN 73 0.1
ALEKSANDR... 86 3.9
KOESTER 95 0.5
KOPECKY 97 1.8
KOPECKY 97 0.1

χ2

       6.5
(Confidence Level = 0.164)

-0.15 -0.14 -0.13 -0.12 -0.11 -0.1 -0.09

n mean-square charge radius

n MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUSn MAGNETIC RADIUS

This is the rms magnetic radius,
√

〈

r2
M

〉

.

VALUE (fm) DOCUMENT ID COMMENT

0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE0.864+0.009
−0.008 OUR AVERAGE

0.89 ±0.03 EPSTEIN 14 Using e p, e n, ππ data

0.862+0.009
−0.008 BELUSHKIN 07 Dispersion analysis

n ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αnn ELECTRIC POLARIZABILITY αn

Following is the electric polarizability αn defined in terms of the induced
electric dipole moment by DDDD = 4πε0αnEEEE. For a review, see SCHMIED-
MAYER 89.

For very complete reviews of the polarizability of the nucleon and Compton
scattering, see SCHUMACHER 05 and GRIESSHAMMER 12.

VALUE (10−4 fm3) DOCUMENT ID TECN COMMENT

11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE11.8 ± 1.1 OUR AVERAGE

11.55± 1.25±0.8 MYERS 14 CNTR γd → γd

12.5 ± 1.8 +1.6
−1.3

1 KOSSERT 03 CNTR γd → γpn

12.0 ± 1.5 ±2.0 SCHMIEDM... 91 CNTR n Pb transmission

10.7 + 3.3
−10.7 ROSE 90B CNTR γd → γnp

HTTP://PDG.LBL.GOV Page 6 Created: 6/5/2018 19:00

Combining our result for    with the 

1H-2H isotope shift datum    leads 
to the prediction for the neutron radius:

r2
str = r2

d − r2
p − r2

n −
3

4m2
p

r2
d − r2

p = 3.82007(65) fm2

r2
n = − 0.105+0.005

−0.006 fm2

our result

Puchalski et al., PRL 125 (2020)

Atac et al., Nature Commun.
12 (2021) 1, 1759

Λ = 500 MeV



!Preliminary results
for the charge radius of A = 3,4 nuclei

Arseniy Filin, Vadim Baru, EE, Christopher Körber, Hermann Krebs, Daniel Möller, Patrick Reinert,
in preparation

precision test of the theory for 4He

theoretical prediction for the isoscalar 3H-3He charge radius 10 times more 
accurate than the current exp value — to be tested by CREMA soon!

consistent regularization of isovector currents (π-loops) is still in progress
 limit ourselves to  nucleus (4He) + isoscalar 3H-3He combination⇒ T = 0
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Summary for 4He radius

rstr(4He) = (1.4748 ± 0.0030trunc ± 0.0013stat) fm rexp
str (4He) = (1.4767 ± 0.0025) fm

Using cutoff 450 MeV (with fine-tuned BE) and fit to form factor data up to 6 fm-1

Prediction for 4He structure radius [preliminary]: 

this "exp" value is based on the latest 
muonic atom experiment Krauth:2021foz
assumes new CODATA2018 proton radius and 
our value for the neutron charge radius

Prediction for 4He charge radius (using our neutron radius and CODATA2018 proton radius)

rC(4He) = (1.6766 ± 0.0034) fm rexp
C (4He) = (1.67824 ± 0.00083) fm

Krauth:2021foz

[Sick:2008zza]

extraction from


e- scattering

Krauth:2021foz

muonic exp.

Marcucci:2015rca

EFT

Marcucci:2015rca

"Conventional"

4He charge radius

This work 
[preliminary]

More uncertainty sources should be estimated

This work,

but using

PDG 2020


neutron

radius

Our neutron radius value
improves prediction for
4He charge radius
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Calculations from Marcucci:2015rca use 

strange values of proton and neutron charge radii as input

also EFT and conventional calculations use different values


IBM189 & fine-tuned BE

extraction from
e— scattering

Sick ’08

Exp. Theory

!Charge radii of light nuclei
Filin, Baru, EE, Körber, Krebs, Möller, Reinert, in preparation

2 out of 3 LECs in the short-range 2N charge density already 
fixed from the 2H FFs;  the remaining one is determined from 
the 4He FF (lots of low-energy data…)

Truncation errors for 4He form factor

coefficient in front of Q/Lambda for 4He is (A-1)/A = 3/4
see Phillips:2016mov page 18

Λ = 400MeV Λ = 550MeVΛ = 450MeV Λ = 500MeV

Red curve = central N4LO+ result (fit to data up to 6 fm-1) 
Orange band = truncation error at N4LO+  
Gray band = Sick's fit from Marcucci:2015rca 
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, meff
π
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SMSIB189
WITHOUT EB finetuning

preliminary
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Summary for 4He radius

rstr(4He) = (1.4748 ± 0.0030trunc ± 0.0013stat) fm rexp
str (4He) = (1.4767 ± 0.0025) fm

Using cutoff 450 MeV (with fine-tuned BE) and fit to form factor data up to 6 fm-1

Prediction for 4He structure radius [preliminary]: 

this "exp" value is based on the latest 
muonic atom experiment Krauth:2021foz
assumes new CODATA2018 proton radius and 
our value for the neutron charge radius

Prediction for 4He charge radius (using our neutron radius and CODATA2018 proton radius)

rC(4He) = (1.6766 ± 0.0034) fm rexp
C (4He) = (1.67824 ± 0.00083) fm

Krauth:2021foz

[Sick:2008zza]

extraction from


e- scattering

Krauth:2021foz

muonic exp.

Marcucci:2015rca

EFT

Marcucci:2015rca

"Conventional"

4He charge radius

This work 
[preliminary]

More uncertainty sources should be estimated

This work,

but using

PDG 2020


neutron

radius

Our neutron radius value
improves prediction for
4He charge radius
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Calculations from Marcucci:2015rca use 

strange values of proton and neutron charge radii as input

also EFT and conventional calculations use different values


IBM189 & fine-tuned BE
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Summary for 4He radius

rstr(4He) = (1.4748 ± 0.0030trunc ± 0.0013stat) fm rexp
str (4He) = (1.4767 ± 0.0025) fm

Using cutoff 450 MeV (with fine-tuned BE) and fit to form factor data up to 6 fm-1

Prediction for 4He structure radius [preliminary]: 

this "exp" value is based on the latest 
muonic atom experiment Krauth:2021foz
assumes new CODATA2018 proton radius and 
our value for the neutron charge radius

Prediction for 4He charge radius (using our neutron radius and CODATA2018 proton radius)

rC(4He) = (1.6766 ± 0.0034) fm rexp
C (4He) = (1.67824 ± 0.00083) fm

Krauth:2021foz

[Sick:2008zza]

extraction from


e- scattering

Krauth:2021foz

muonic exp.

Marcucci:2015rca

EFT

Marcucci:2015rca

"Conventional"

4He charge radius

This work 
[preliminary]

More uncertainty sources should be estimated

This work,

but using

PDG 2020


neutron

radius

Our neutron radius value
improves prediction for
4He charge radius
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Calculations from Marcucci:2015rca use 

strange values of proton and neutron charge radii as input

also EFT and conventional calculations use different values


IBM189 & fine-tuned BE
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Summary for 4He radius

rstr(4He) = (1.4748 ± 0.0030trunc ± 0.0013stat) fm rexp
str (4He) = (1.4767 ± 0.0025) fm

Using cutoff 450 MeV (with fine-tuned BE) and fit to form factor data up to 6 fm-1

Prediction for 4He structure radius [preliminary]: 

this "exp" value is based on the latest 
muonic atom experiment Krauth:2021foz
assumes new CODATA2018 proton radius and 
our value for the neutron charge radius

Prediction for 4He charge radius (using our neutron radius and CODATA2018 proton radius)

rC(4He) = (1.6766 ± 0.0034) fm rexp
C (4He) = (1.67824 ± 0.00083) fm

Krauth:2021foz

[Sick:2008zza]

extraction from


e- scattering

Krauth:2021foz

muonic exp.

Marcucci:2015rca

EFT

Marcucci:2015rca

"Conventional"

4He charge radius

This work 
[preliminary]

More uncertainty sources should be estimated

This work,

but using

PDG 2020


neutron

radius

Our neutron radius value
improves prediction for
4He charge radius
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Calculations from Marcucci:2015rca use 

strange values of proton and neutron charge radii as input

also EFT and conventional calculations use different values


IBM189 & fine-tuned BE
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Summary for 4He radius

rstr(4He) = (1.4748 ± 0.0030trunc ± 0.0013stat) fm rexp
str (4He) = (1.4767 ± 0.0025) fm

Using cutoff 450 MeV (with fine-tuned BE) and fit to form factor data up to 6 fm-1

Prediction for 4He structure radius [preliminary]: 

this "exp" value is based on the latest 
muonic atom experiment Krauth:2021foz
assumes new CODATA2018 proton radius and 
our value for the neutron charge radius

Prediction for 4He charge radius (using our neutron radius and CODATA2018 proton radius)

rC(4He) = (1.6766 ± 0.0034) fm rexp
C (4He) = (1.67824 ± 0.00083) fm

Krauth:2021foz

[Sick:2008zza]

extraction from


e- scattering

Krauth:2021foz

muonic exp.

Marcucci:2015rca

EFT

Marcucci:2015rca

"Conventional"

4He charge radius

This work 
[preliminary]

More uncertainty sources should be estimated

This work,

but using

PDG 2020


neutron

radius

Our neutron radius value
improves prediction for
4He charge radius
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Calculations from Marcucci:2015rca use 

strange values of proton and neutron charge radii as input

also EFT and conventional calculations use different values


IBM189 & fine-tuned BE

χEFT
Marcucci et al. ’16

„conventional“
Marcucci et al. ’16

χEFT, N2LO
Muli et al. ’21

this work
(preliminary)
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Summary for 4He radius

rstr(4He) = (1.4748 ± 0.0030trunc ± 0.0013stat) fm rexp
str (4He) = (1.4767 ± 0.0025) fm

Using cutoff 450 MeV (with fine-tuned BE) and fit to form factor data up to 6 fm-1

Prediction for 4He structure radius [preliminary]: 

this "exp" value is based on the latest 
muonic atom experiment Krauth:2021foz
assumes new CODATA2018 proton radius and 
our value for the neutron charge radius

Prediction for 4He charge radius (using our neutron radius and CODATA2018 proton radius)

rC(4He) = (1.6766 ± 0.0034) fm rexp
C (4He) = (1.67824 ± 0.00083) fm

Krauth:2021foz

[Sick:2008zza]

extraction from


e- scattering

Krauth:2021foz

muonic exp.

Marcucci:2015rca

EFT

Marcucci:2015rca

"Conventional"

4He charge radius

This work 
[preliminary]

More uncertainty sources should be estimated

This work,

but using

PDG 2020


neutron

radius

Our neutron radius value
improves prediction for
4He charge radius

Li
M

ul
i:2

02
1k

ch
 (S

. B
ac

ca
) 

EF
T 

N2
LO

 lo
ca

l
us

in
g 

sm
al

l a
nd

 la
rg

e 
rp

 
va

lu
es

Calculations from Marcucci:2015rca use 

strange values of proton and neutron charge radii as input

also EFT and conventional calculations use different values


IBM189 & fine-tuned BE

μ4He
Krauth et al. ’21

The μ 4He exp. value is:
rexp
C (4He) = (1.67824 ± 0.00083) fm
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Summary for 4He radius

rstr(4He) = (1.4748 ± 0.0030trunc ± 0.0013stat) fm rexp
str (4He) = (1.4767 ± 0.0025) fm

Using cutoff 450 MeV (with fine-tuned BE) and fit to form factor data up to 6 fm-1

Prediction for 4He structure radius [preliminary]: 

this "exp" value is based on the latest 
muonic atom experiment Krauth:2021foz
assumes new CODATA2018 proton radius and 
our value for the neutron charge radius

Prediction for 4He charge radius (using our neutron radius and CODATA2018 proton radius)

rC(4He) = (1.6766 ± 0.0034) fm rexp
C (4He) = (1.67824 ± 0.00083) fm

Krauth:2021foz

[Sick:2008zza]

extraction from


e- scattering

Krauth:2021foz

muonic exp.

Marcucci:2015rca

EFT

Marcucci:2015rca

"Conventional"

4He charge radius

This work 
[preliminary]

More uncertainty sources should be estimated

This work,

but using

PDG 2020


neutron

radius

Our neutron radius value
improves prediction for
4He charge radius
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Calculations from Marcucci:2015rca use 

strange values of proton and neutron charge radii as input

also EFT and conventional calculations use different values


IBM189 & fine-tuned BE

preliminary, further uncertainty sources under investigation…
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Summary for 4He radius

rstr(4He) = (1.4748 ± 0.0030trunc ± 0.0013stat) fm rexp
str (4He) = (1.4767 ± 0.0025) fm

Using cutoff 450 MeV (with fine-tuned BE) and fit to form factor data up to 6 fm-1

Prediction for 4He structure radius [preliminary]: 

this "exp" value is based on the latest 
muonic atom experiment Krauth:2021foz
assumes new CODATA2018 proton radius and 
our value for the neutron charge radius

Prediction for 4He charge radius (using our neutron radius and CODATA2018 proton radius)

rC(4He) = (1.6766 ± 0.0034) fm rexp
C (4He) = (1.67824 ± 0.00083) fm

Krauth:2021foz

[Sick:2008zza]

extraction from


e- scattering

Krauth:2021foz

muonic exp.

Marcucci:2015rca

EFT

Marcucci:2015rca

"Conventional"

4He charge radius

This work 
[preliminary]

More uncertainty sources should be estimated

This work,

but using

PDG 2020


neutron

radius

Our neutron radius value
improves prediction for
4He charge radius
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Calculations from Marcucci:2015rca use 

strange values of proton and neutron charge radii as input

also EFT and conventional calculations use different values


IBM189 & fine-tuned BE

using CODATA rp and own determination of rn

⇒

4He

4He

Krauth et al., Nature 589 (2021) 7843, 527-531



!Charge radii of light nuclei
Filin, Baru, EE, Körber, Krebs, Möller, Reinert, in preparation

With all LECs being fixed, we can predict the isoscalar 3N charge radius  1
3

r2
C(3H) +

2
3

r2
C(3He)

rC(3Nisoscalar) = (1.9065 ± 0.0026) fm

preliminary, using CODATA-2018 rp and own determination of rn

On the experimental side: 

— the 3H radius poorly known (5%) from e— scattering exp.:  r3H
C = (1.755 ± 0.086) fm

Amroun et al. ’94 (world average)

— more (and more precise) measurements for 3He

— muonic 3He (preliminary):    r3He
C = (1.9687 ± 0.0013) fm

— e— scattering experiments:  r3He
C = (1.959 ± 0.030) fm Amroun et al. ’94 (world average)

 r3He
C = (1.973 ± 0.016) fm Sick ’15 (world average)

Pohl ’20

  the current exp. value for the isoscalar radius:    ⇒ rexp
C (3Nisoscalar) = (1.903 ± 0.029) fm

The ongoing T-REX experiment in Mainz [Pohl et al.] aims at measuring    with  , which 
would determine the isoscalar radius with      precision tests of nuclear chiral EFT!

r3H
C ±0.0002 fm

±0.0009 fm ⇒



!Summary of the second part

Calculated the charge and quadrupole FFs of light nuclei at N4LO in chiral EFT

4He: the extracted rC (0.2% accuracy) agrees with the new μ4He measurement

Deuteron:
— determined  (0.1% accuracy) and  (1.4% accuracy)rstr Qd

— combined with isotope-shift data, extracted the neutron charge radius
     (2σ tension with PDG…)

3H-3He: predicted the isoscalar rC (0.1% accuracy) in agreement with the current 
exp. value (10 times bigger errors). The ongoing T-REX (μ3H) exp. in Mainz will 
allow for a precision test of nuclear chiral EFT


