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Agenda .

* Short introduction to linear-Sigma Model,
a) Mesonen, b) Quarks.
* Integrating in Polyakov-loop potential.
* PLSM at finite:
- Temparatur and baryon ‘density,
- Isospin assymetry.
* Results and Conclusions.
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Sigma Model

-

Long before the invension of QCD in 1960, sigma _,.
model was introduced by Gell-Mann und Levy

II NuovoCimento 16, 705 (1960)

&

scalar ©. Ann. Phys. 2(407), 1957

* The name o-Modell is that of the field, which was
presented by Julian Schwinger, a spinless mesonic

In QFT, a non-linear 0-Model describes a scalar field Z (Minkowski-space M
differentiable Mapping), which takes values from a non-linear ‘Manifold to a
target manifold T. It is with Riemannschen Metrik g furnished.

P %ﬂ{ﬂ,% 3,%) — V() %iod 4 time-lik? chira.form

. The Lagrangian densit

I . £ %g“.u,{E][f':?“E"}{ﬁ“Eb} _v(z) in coordination
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Sigma Model

* Sigma model describes a physical system with the Langrangian

T

(‘Pl ) 'i’*‘“.u vy ﬁf’n e Z Z 9ij d"rﬁ’ A *dfﬁi Wedge Produkt

i=1 j=1

* Mapping or Skalar g; defines whether this is linear or non-linear.

* The fields ¢, provide a general Mapping from a spacetime basic distributor,
which is known as world sheet, to a Riemanian Manifold target distributor
of scalar, which are distinguishable from each other of connected through
internal symmetries.

* Sigma-Model with a Manifold, through which a real line exists, which
parameterizes target and target space, gives a fundamental example on
GFT in 1D.

* Sigma Model is a prototype of spontaneous symmetry breaking, where the
three broken axial generators for pions, which are the mamfestatlons of the

chiral symmetry breaking.

h.
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Why Linear-Sigma Model?

* LSM could be an economic alternative to QCD lattice simulations.

* No supercomputers are neeeed, conventional PCs and simple algorithms and
programming techniques would be enough.

* Finite magnetic and electric fields and finite isospin asymmetry could be integrated in.

* Various symmetry breaking scenarios could be easily studied, for instance different
properties of strong interactions chould be investigated

- thermodynamics and EoS of Hadron and
Parton,

- chiral phase structure and meson masses
(16 pseudoscalar, scalar, vector and axial
vector)

Temperiture

> transport and conductivity coefficients of
QCD mater.

-] & : 1 '
."‘l.r" AR PaTiin
l Earyon density




DoF in Linear Sigma Model

This low-energy model has generators T,=A,/2, where A, are Gell-Mann
Matrices and real classical field; O(4) & = T (3,,iR,)

The chiral symmetry is explicitly broken through 3x3-Matrixfield H=T,h,,
where h, are external Fields.

Under the chiral transformation SU(2),xSU(2);, ®-L+®R, O, gets a finite

vacuum expectation values, which also causes chiral symmetry breaking to
SU(2),xSU(2),=»SU(2), ,z.

The vacuum expectation values play the role of order parameters of phase
transition.

This leads to massive Sigma-particles und zu light oder even massless
Goldstone-Bosons, the Pions.

The original DoF are spissless scalar Sigma ©, field and triplet-pseudoscalar -
Fields m, (n+N interactions).

* LSM breaks axiale anomaly U(1), at quantum level

LSM: explicit symmetry breaking for non-vanishing quartk masses

h. * LSM: Spontaneous symmetry breaking through chiral condensate <qq>



DoF: Mesons + Quarks

* QCD as theory of strong interactions has the following properties
-~ (i) Asymptotic Freedom (ii) Confinement.
- (iii) hidden spontaneous breaking of chiral Symmetry.

* Birse and Banerjee suggested in 1985 a model for nucleons and delta
particles, which represents the strong QCD forces as chiral -SU(2),xSU(2);-

symmetry and assures a role separation between these forces.

* This symmetry is responsible for the binding of quarks in hadrons und for
the forces, which cause an absolute limitation, i.e. short range.

* This leads to a linear sigma-model, which describes the interactions of
quarks with sigma- and pion-mesons.

* The constituent quarks gain mass, for instance m =gf,, where g and f, are
the coupling and die pion decay constants. |

- Accordingly, fermions could be integrated either as nucleons or' as quarks.

- It was shown, that the chiral field transformation shows the same behaviour as that of
| the quark condensates, namely the @-Order parameter for chiral QCD phas_e-trénsition.
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DoF: Mesons + Quarks + Gluons

h.

Similar to PNJL, Polyakov-Quark-Meson (PQM) was suggested
B.-J. Schaefer, M. Wagner, J. Wambach, Phys. Rev. D81 (2010) 074013

- combination of chiral linear o-model with Polyakov-loops

The thermal expectation values of colored Wilson-loops in time dimension

I'eadS $ () .\L tr. P(x)

where P(x) are the matix-values of the Polyakov-loop parameter in the basic
representation of SU(Nc)-groun: similar to the temporal vectorfeeld Ae¢

.lr.’I |'.' |.-I"'\..|:| (.‘ f |'|I..' J !||| ."-. ’ )

where P is order of the path integral und B=1/T is the inverse Temperatur.

.25

* @ is finite for high temperatures; that
of the deconfined phase, und vanishing
for low temperatures in the confined
and central symmetry phase

= | Bl
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Polyakov Loops: Deconfinement & color DoF

Gluonic DoF are depending on Polyakov—Vanables phi und phi* and
accordingly of the color DoF.
All are based wilson-loops, for which the various parameters could be
dermined from lattice QCD simulations. T DV/N

| LT | IV,

Polyakov-loop potential and its conjugate are , Tr. P /A
i | L~ F |,

The Polyakov loops could be represented as matrices in color space
P(&) = Pexp ( /---.f.-_!l —) and A, — ;A" Gauge-Polyakov
Matrices of the Polyakov loops can be given as diagonal representation.

Die coupling with the Qaurks is given by covariant derivative.

@ where A,=56,A, are limited by the chiral Limits [), = d, — i,

L.



PLSM: SU(3) Langrangian

For N=3 quark flavor and N.=3 color DoF, where the suarks are coupled
to the Polyakov-loop dynamics, £ = Lopirar — U(P, ¢", T),

a) For Quarks: £, = > ¢(i7" D, — gTu(0a + i757a) V5.

L. = -l-]':r',ﬂ__f]ﬁr'r"fjl P D) ,"nll:']'r[cfﬁdm :.:3'
b) For Mesons: — X Tr(®'®)? + ¢[Det(®) + Det(®')] + Tr[H(D + )]
where ¢ is 3x3-matrix including the nonet-Méson states , -,
(D, " T) bal1') , ba . g by
: — ol — —(a” + ™) + —(|d|°)*
¢) Polyakov-loop dynamics: T 2 g\~ TS T

where 1,1 -, (-’f ) [:fI J oy ( 1:[ ] : T s

D, M, Y, B and g are covariant derivative, Lorentz-Index, chiral splnoren or Yukawa-couplmg

. constants. P are Dirac-Spinor fields for quark flavors f=[u, d, s]

(T, 1) = Qg (T, 1) + “potyrog (¢, 9" T) +Ul0p,05,0.) = =T InZ/V |
h Phys. Rev. D 62, 085008 (2000).



PLSM: Approximation: MFA

* All fields are takes as constants in space and imaginary time directions.

-
JI r'h

* Averaged fields are defined as i=3 [ d 1 ] d® §(Vx)

* MFA drastically reduces the higher to lower dimension, so that the
dynamics of the system is adjusted according to the ,averaged fields*.

* Then the dynamics is accordingly JIH Sl —
described, similar to single cells with * .. Mesnels Avarage siste
an averaged status, which varies ' & o " froon )
with the time. o y

: .:."-‘H'E.l' lackvided il

It is assumed that every cell in the entire space selects its next state regardless
(‘the probabilities that are determined by the average state of the system.

h.




PLSM: Approximation: MFA
o and 7 replaced by time-space independence averaged values, thus
Z = ¢ AVU(o)(A) ]Piﬂq exp{ - f@[’:f”fi’r ~7-V +g((o) +in°F - (7)) - MD]@‘} |

Fourier transform fields i/’s and then calculation space-time integral,
Helmholtz’ free energy reads

F=-TY trlog [f:f(i'}fﬂ{mn +ip) +7-p+ go +ig 7 - ﬁ)]
When expanding log around go- where all y matrices are traceless
F=—-2TN;) log [132((% +ip)’ +p*+g%(0” + fg))]
With dispersion relation (,2 = p2 + m? and m? = ¢%(c? + 72)
F = —TN; Y log B2 (w2 + (w + #)?) | +log| B2 (w2 + (w — )?)]

: _ 9N L oy I8 ~(w+m)B ()8
F QﬁfV/(gw)S{u+Tng[l+E } +Tlc}g[1+e }}

h ‘ |
. rl L " e i s i it el o i




PLSM: Approximation: MFA

In thermal equilibrium, the grand-canonical distribution function
can be defined by a path integral over the quark, antiquark and
meson field, which contains the chemical potential

Q[T.JU] :QE}EJ.[T.JU] ”FI:'ulqu ot T )+ Uloy, o, o, I_—Tl]'i .:-!" an

Z = Trexp[—(H - Z;r V) /T

/H'Drr,,l'?rr” /I?e.@i.'ex}} /{E - Z;:_,-e:_f.”f_'_;-] :
; 1 : . ¥ i

where M. is the chemical potential of f-ten Quarks, and

L. {: 1“ h iEj A




PLSM: Approximation: Optimum perturbation theory (OPT)

* The basic idea of OPT becomes clear when we expand the chiral
Lagrangian from which we see that even analytical non-intrusive
calculations become accessible that go beyond what MFA would achieve.

L' = (1-06) Lo(n) + 6 £ = Lo(n) +0 |£— Lo(n)]

* where n is a mass parameter, that could be determined from a suitable
variation process and Ly (n) is density of free Lagrangian, in which n is
included.

* The implementation from OPT to PLSM thus apparently goes hand in hand
with an expansion with regard to the arbitrary parameter &.
* In PLSM:

Lrg = Zf_f [i”.-“f/‘“ — dgTu(o0 +iy5ma) — (1 — ri‘,lu]:.'.,r.
f
Tr [E},,‘Illili-’“ilﬂ' — (m*+ (1-=9) n*) & =I‘:

e { (Det [®] + Det [®7]) = Ay (Tr [&1®])" — Ay Tr [@1®]" + Tr [H (2 + &7)] } .

ol
L.-r.-

.. U(p,0",T) = =bT [""'-l po* e %! +1n (l — 660" — 3 (dd*)° + 4 I[t.'J:i . i U-:{\])q :



PLSM: Approximation: Optimum perturbation theory (OPT)

* When using OPT to evaluate the free energy F of the PLSM, non-
disruptive analytical calculations are made possible by a rule known as
the principle of minimum sensitivity (PMS).

» PMS dictates that F can be minimized to the variations of n at & =

OFopt

=1
dn

ij,0=1

* The expected value of n is related to the sigma fields of and the color
degrees of freedom Nc at n~o.

* A global minimization should also be carried out for the order parameters

Loy

= [

gy |4 St ik Do

% V; — H
Z = Trvx]ll =t '”JF ! ] /Hﬂn D, /Df Dtax11|i/r4”i'{£— Z pplpy Y ]]

F=u.d.5

.. WS Spiig S e LIS e

HEB 2py B HaQ HEB HQ




PLSM: SU(2) - SU(3) = SU4)
* The thermodynamic Potential reads :
N-2 Q= U, ¢*) + Ulor) + Qag(0, 0%, 01).
F | Polyakov Mesons Quarks St
V=3 () = Ulg,0%) + Ulor,04) + Qge(0, 0%, 01,0)

n=4 ) = Ulo,07) + U({}';.GS.{TE) T Qr_}{}(ﬂ* (f,g{,(}'g.f}ﬁ)

! J

* For example, for SU(4):

i i i i i il i
] m- ey +o; to) Copogo. Aoy o,
erp,ors.ore) = —||IE,'[J",' - ||IE_~ (Fs — ||IE_,-[J"_,- + 5 - 1 + 3
oo 2r2 (21 + Loy 4 4
A1 0, Ao <A T A2 )T, (A1 + D)oy (A1 +A2)o]
+ R : + 1 + 1
[~ 2
(Fg (rg (F15 (r) \J-— (r15 (ro V3
r=—-——=T——= 1t —=. (Fy = —— — —(Fg T+ — . (Fe = —— — —(TI5
V2 V3 e 2 3 243 22

i I'.III.:.IE.:I [ Cr—H E-—  E, |
ﬂ:?-!_n’l: ‘Jrl- “] — _:;fl E / I_ _.'T _I3 {ln |, - 1“: ({II + -{'I B ) i T L e 3=y
| 00 0 L&) |

I J'l 4] E i 1|I'_ id I
h. ‘ Ill i . 3 ({II . ; {II : : ) }C : Ir i .1 Ir } o



PLSM: SU(2) = SU(3) = SU@4)

In SU(4); x SU(4)g symmetries, the LSM Lagrangian | can be constructed as #pip =
L+ Ly, where g € (u,d,s,c),

rﬁ{i; Z qr [f:! LD gTs.'(Uc.' + 1)s *T-:.':li| iqf,

and g is the flavor-blind Yukawa coupling . C is an additional Lorentz index. The pure mesonic '
part is given as

L = Te(6, D OH O — m* @ D) — A [Tr(D'D)]* — A Tr(O' D) + Tr[H (D + D)),

to which an ¢-term, c¢[Det(®) + Det(®d")], is usually added, where @ is a complex 4 x 4 matrix for =
scalar and pseudoscalar mesons o, and x,, respectively, ® = T, (0, + i), with T, = 4, /2 with |
a=0,-- Nf — 1 are the generators of U (4) symmetry group A, are Gell-Mann matrices, while
— f "'.ﬁ
SXE]

The values of the vacuum chiral-condensates are dE[E[‘I‘[‘ll[’IEd from pion, kaon and D-meson f,‘.

decay widths by means of the partially conserved axial-vector current relation (PCAC) [9, 13]. At]

T = 0, the quark condensates reads o), = f, = 92.4 MeV, oy, = (2fx — f.)/V2=94.5 MeV and |
‘fm_ = (2fp — fx)/V2 = 293.87 MeV. i

Bl FELAL [N Oy - o T

*ﬂ = Qg (T, 1) + Upotyoe (@, 9" T) +U(07,05,0.) = =T In 2, '.f _

Laial Bl R gl e oo RS e e e B A LR i



PLSM: SU(4) Thermodynamics
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PLSM: SU(3) Thermodynamics

Nature 539, 6% (2016 - - MFA - OFT

MFA —
& L - L, OPT === | . 5 PP L i , A P A P
= i) P00 MeV. (b L (el
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PLSM: SU(3) Thermodynamics
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PLSM: SU(3) Thermodynamics

(NS TESS [, IS TS [

LT PRI 79, 074505 | My —e—

ib) Met-Chamge

Hlli

LEn o L i L L e i T L Trr T
I 1 | I 1 I 1

L | I W R —| A I 1
12 5 BOWQAC [ PRI 55, 034504 {2017y wem
: PLSM i MFA w ]
T FLSMaOPT = = 15 4 ”
- 1
B i ia) Net-Baryomic 1
04
0s -
02 =
0 - - - . L]
05 08 1 1 14 L6 18 2 06
TT
X
2 | | S [N N | | S—
15} HOTQCD: PRI 95, 054504 (2017) |
LQCD: JHEF 1510, 205 (2018)
1k PLSM in MFA m—
PLSMin OPT = =
'jg 05} -
0
=
=
05} -
a b s
15 | (a) -
.2 1 1 1 1 1 1
06 05 1 12 14 16 18
TIT,

—L
[ X
ki
-9
=
o
=
-
=]



PLSM: SU(3) at finite Isospin-Asymmetry

* The explicit symmetry breaking, H = Ta ha, where ha are nine parameters
of the explicit symmetry breaking in SU (3).

* As aresult, the diagonal components of the symmetry generators h0, h3,
h8 are finite.

* In addition, the mesonic field @ is a (3 x 3) matrix for meson states.
N =]
":}_. T (0, + i)

P
=1

i

- where o_and 1t_ are scalar and pseudo-scalar fields, respectively.

* In the vacuum state with U (1) anomaly and due to the spontaneous
symmetry breaking, the expected values of the mesonic fields <®> and
their conjugates with the quantum numbers of the vacuum are generated.

This leads to an exact vanishing mean value of Tt and to ensure the
finite mean value of o_, which corresponds to the diagonal generators.

. .U (3) as, an — 2 = i E= - [ where ':.:':I:':: — Jr”l'T“ T Jr:;I'T:; T Jrhl'Th




PLSM: SU(3) at finite Isospin-Asymmetry

* On the other hand, o, breaks the isospin asymmetry SU (2) and the

potential for purely mesonic contributions in SU (Nf) can be written as
J. T. Lenaghan, D. H. Rischke, and J. Schaffner-Bielich, Phys.Rev.D62, 085008 (2000).

7
. m- il 1
i [ L) = ( 3 iin "I'illlj Fa — '-;';:;-ul'lr'ﬂl'- e — q"].l_:n'll-'l'lur 'k Vel

* where the coefficients are aiven as
c| 3 . : SRt S
abe = = abe .; (dobedan + danedpo + dapodcn) + l}fulmnfj.nl“'hnf}r-u ;

) F F4

G

Al fe - x - - . " K, '-3 - .
"'F-'IIIH'I." : | _"}-u':rjr':." + OadOcd Il:'rlf'r'jllu.". T 2 _”ruh.'.lrfr!r'uf i {'lr-!uh.lrf.lr-'n' 1 rf-:l-"f.'rf.'.'flrll_'

» The explicit symmetry breaking terms h.. h. und h. can be determined by.
minimizing the potential to tree level. JU(7)/d7, = 0

® For example: h, and h, can be determined from the partially conserved .

axial current relationships (PCAC) L, 5, N
.||_| = T.? [ﬁl'i'i'.__l_f:_jlli'i'?{.fff.} ¥
v D

9

Faa i iy . _:. . . i I
l . hg = ﬁ \mazfr —mifx)- L -7
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The generator operator T, = A,/2 in U(3) is a u’r:-taiued fmm Gell-Mann matrices A, with the
indices running as a = 0,--- , 8, From U(3) algebra, we have

[TM ﬁ] — ifub:'f:-‘:-

{ﬁ: Tb} — '-ddclﬁh
where fu. and d,p. are the standard antisymmetric and svmmetric strcture constants of SU(3),
respectively. The symmetric structure constant dy. can he defined as

due = 7T [{3a, W}A],

d‘m = J;Jdﬁ-

- In PCAC relation, the decay constant f; is related to the symmetric structure constant as
Ja = doab¥s-

Accordingly, the decay constants of the charged and neutral plon mesons (f;= = fi, foo = f3) and

kaon meson (fg+ = fy. fio = fs) are given as

.r ."In.'¢ 2 \Illr-gﬂ-:

2 2 L
[ = J;JD-I-EH_WS'
2 |1 1

Sre = -3 - E%

where the isospin sigma ficld, 73, is the difference hetween the decay constants of neutral and charged
kaon mesons as,

= fiz = fo-

_ From the experimental and recent lattice review on physical constants Jet = foo =924 MeV
; 'md j’Hi = 113 MeV, _fh-u = 113 453 M&V

I 1..:" I" 4...-1-'-'-.




PLSM: SU(3) at finite Isospin-Asymmetry

From this, the explicit symmetry breaking expression h, can be derived
from Hi7(7)/da, = 0 Phys.Rev.D62, 085008 (2000).

= T} Ly
. C C A I . A O3~ Fa®
||r||5 Illll'" . - l'-""” F; -"T-., | _.-"II||J 1!"T|:“ = I'T.;" 1 I'_-'.-\.\":I 1 _.-'II||_:- |'T||“ = . ' ".‘ _}I"-.II.I:.I'T\.,; r".l".:_ &
/3 '

fT:i — |:_I|[.!r1l'- — _||[.!r1l'l |

° /2 —
where and [...]** =m_,

'2 .
* We get hy = m g, {fh‘z —fh"'}

* With orthogonal base transformation, the condensates can be converted
from the original base o, o, and g, into pure Up- (¢ ), Down- (o) or
strange (o ) quark aroma bases

) o 7
Ty — _j"T.'.'- Itgd — '_:,"'Tr."- e — - : (T

i i 1.'|

Ty ¥ E | ] Ly

b |

T
=il ey L »
Tl gl A ] 90 80 a0 a0 60

— — — — =2

I . G |l =2 L da, iy Ods b Aol .
L =1 = = = = ! i
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Results and Conclusions

* LSM: Mesons =» Mesons + Quarks + Ployakov-loops
* PLSM: SU(2) = SU(3) = SU@4)
* PLSM: finite T, M., eB and I,

* PLSM: 16 Meson states at finite T, M,, €B
* PLSM: Viscosity und conductivity at finite T, M,, eB

* PLSM: QCD Thermodynamics and higher fluctuations
 PLSM: QCD Phase-diagram at finite M,, eB and I,
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