
Hot problems of Strong Interactions
 Protvino, Russia, 9-13 Nov., 2020

Bielefeld University

Hai-Tao Shu

Transport and spectral properties
 of heavy quarks from LQCD

 1



Outline

• Motivation

• Spectral properties of heavy quarks

• Transport properties of heavy quarks

• Conclusion & Outlook

 2

[H.-T. Ding, O. Kaczmarek, A.-L. Lorenz, R. Larsen, S. Mukherjee, H. Ohno, H. Sandmeyer, HTS, work in progress]

[L. Altenkort, A. M. Eller, O. Kaczmarek, L. Mazur, G. D. Moore, HTS, 2009.13553]



Motivation

Quarkonia produced in the early stage of collisions 
• Remain as bound state in the whole evolution 
• Release constituents and form open charm/bottom mesons

• Heavy quark diffusion

PRL98(2007)172301

• Dissociation temperatures
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of 368 µb�1, and the corresponding dataset is used to derive the centrality-integrated (0–100%)
double ratios and those in the 0–30% centrality range. For the second setup, the lower rate
allowed the sampling of the full integrated luminosity of 464 µb�1. This sample is used to an-
alyze the centrality dependence of the double ratio in the 30–100% range. We also studied a
possible contamination from photo-production processes in the peripheral region and found it
to be negligible.

Single muons are selected in the kinematic region pµ
T > 4 GeV/c, |hµ| < 2.4, and required to

survive standard quality selection criteria [27]. The reconstruction algorithm was adapted to
account for the high track multiplicity in a PbPb event, using a combination of regional and
iterative tracking algorithms [33]. The muon momentum is derived from the fit obtained with
a Kalman filter algorithm [27] applied to the tracker hits and provides an U mass resolution
of around 1% in both pp and PbPb. When forming a muon pair, the two reconstructed muon
candidates are required to match the dimuon trigger and to originate from a common vertex
with a c2 probability larger than 1%. The U transverse momentum and rapidity ranges studied
in this analysis are pT < 30 GeV/c and |y| < 2.4. The U ratios are not affected by the small
number of additional collision vertices (pileup) present in the pp and PbPb samples.

Figure 1 shows the invariant mass distributions of opposite-charge muon pairs for centrality-
integrated PbPb collisions. The double ratios are computed from the signal yields obtained
independently from unbinned maximum likelihood fits to the pp and PbPb spectra. The anal-
ysis of the U(2S) double ratio is performed in three pT bins, two |y| bins, and nine centrality
bins, while the U(3S) double ratio is studied in four centrality bins. As a cross-check, simulta-
neous fits of the two dimuon invariant mass distributions, where the double ratios are directly
extracted, were also performed. The two procedures give consistent results.
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Figure 1: Measured dimuon invariant mass distribution in PbPb data. The total fit (solid blue
line) and the background component (dot-dashed blue line) are also shown, as are the individ-
ual U(1S), U(2S), and U(3S) signal shapes (dotted gray lines). The dashed red line represents
the pp signal shape added to the PbPb background and normalized to the U(1S) mass peak in
PbPb.

The shape of each U state is modeled with the sum of two Crystal Ball functions [34], with
parameters fixed from MC simulation studies. The mass parameter of the U(1S) resonance is
left free to account for possible shifts in the momentum scale of the reconstructed tracks, and
is found to be consistent between pp and PbPb data. The masses of the excited states are fixed
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✴ New Bayesian Method 
✴ Backus-Gilbert Method 
✴ Maximum Entropy Method 
✴ Stochastic Approaches 
✴ … 
✴ Fit with theoretically inspired ansatz

M. Asakawa, et al., PPNP. 46(2001) 445-508

H.-T. Ding, et al., PRD97, 094503

B. B. Brandt, et al., PRD93, 054510(2016)

Y. Burnier and A. Rothkopf, PRL 111,18,182003

✴ Deformation of SPF 
   —> dissociation temperature

Hadron spectral functions 
• Carry all information about the in-medium properties of quarkonia 
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• Analytic continuation and spectral reconstruction

✴ Transport peak: 
   —> heavy quark diffusion coefficient
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Lattice setup

• Large, fine, isotropic lattices in the 
quenched approximation 

• Five different temperatures  
• Clover improved Wilson fermions 
• Wide quark mass range
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Meson correlators ⎯ mass interpolation

• Vector meson masses at different 𝜅
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Meson correlators ⎯ continuum extrapolation
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• Well controlled continuum extrapolation via ansatz:
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Meson correlators ⎯ temperature dependence
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✴ UV part from “ultraviolet asymptotics + pNRQCD”:
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✴ IR part in the vector channel from effective Langevin theory:

✴ Almost constant transport contribution for narrow transport peak (high 𝑇 limit)

⇢transii (!) = 3�q
T

M

!⌘

!2 + ⌘2 D =
1

3�q
lim
!!0

⇢transii (!)

!➙

GH(⌧, ~p) =

X

x,y,z

exp(�i ~p·~x)hJH(0,

~

0)J

†
H(⌧, ~x) =

Z
d!

2⇡

cosh(!(⌧T � 1/2)/T )

sinh(!/2T )

⇢H(!, ~p, T )



Meson correlators ⎯ IR subtraction
• Taking the difference of adjacent correlators effectively removes the IR contribution:
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• Small modifications needed for the perturbative model to describe lattice data:

The possible source for the difference between 
perturbative and lattice calculations:
✴ uncertainties in perturbative renormalization 
✴ uncertainties in pole mass determination



UV parts of spectral functions of 𝐽/𝜓 and 𝛶
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✴ For 𝐽/𝜓 no resonance peak is needed to describe the lattice data even at 1.1𝑇𝐶 

✴ For 𝛶 the the resonance peak persists to 1.5𝑇𝐶
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Meson correlators ⎯ transport contribution
• Compare the model correlators to the full lattice correlators
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Deviation between lattice correlators and model correlators 
 —> small transport contribution exists and needs careful examination



Heavy quark diffusion from transport peak
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• Lorentzian transport peak enters the description of full lattice correlators
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✴ Tiny curvature in transport contribution  
✴ Difficult to resolve 𝐷 from mesonic correlators for now 
✴ Easier in the heavy quark mass limit 
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From mesonic corr. to color-electric corr.

GJJ(⌧) ! GEE(⌧) = �1
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• correlators cheap on the lattice 
• less structure in spectral functions

[S. Caron-Huot et al., JHEP 0904 (2009) 053]• Large quark mass limit in Langevin theory

• Construct a kinetic mass dependent momentum diffusion coefficient
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• Color-electric correlators from multi-level and link-integration:  [PRD92(2015)116003]

✤Multi-level 
✤Link-integration
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[Luscher & Weisz, JHEP1102(2011)051]
[Narayanan & Neuberger, JHEP0603(2006)064]

[Luscher & Weisz, JHEP09 (2001)010]
[Forcrand &Roiesnel, PLB151(1985)77]

However, only works in quenched approximation
Need Gradient Flow in full QCD

•Gradient flow as a “diffusion” equation along t :

•Small t expansion:

•Applications:
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Lattice set-up

• Large quenched isotropic lattice  
• Five different lattices  
• Enough statistics  
• Intensive discrete flow times

� a[fm](a�1[GeV]) N� N⌧ T/Tc #confs.

6.8736 0.026 (7.496) 64 16 1.50 10000

7.0350 0.022 (9.119) 80 20 1.50 10000

7.1920 0.018 (11.19) 96 24 1.50 10000

7.3940 0.014 (14.21) 120 30 1.50 10000

7.5440 0.012 (17.01) 144 36 1.50 10000

Table 1: Lattice setup used to perform the continuum extrapolation. For the finest lattice, we
used five quark sources for the two kappa values closest to bottomonium and charmonium

Lattice � T/Tc #conf

643 ⇥ 16 6.8736 1.5 10000
803 ⇥ 20 7.0350 1.5 3000
963 ⇥ 24 7.1920 1.5 1000

Table 2: # of confs.

� a[fm](a�1[GeV]) N� N⌧ T/Tc #confs. #meas.

6.8736 0.026 (7.496) 64
16 1.50 10000 10000
64 0.00 10000 -

7.0350 0.022 (9.119) 80 20 1.50 10000 10000

7.1920 0.018 (11.19) 96

16 2.25 10000 -
24 1.50 10000 3000
28 1.29 10000 -
32 1.13 10000 -
48 0.75 10000 -

7.5440 0.012 (17.01) 144 36 1.50 - -
7.7930 0.009 (22.78) 192 48 1.50 - -

Table 3: Lattice setup used to perform the continuum extrapolation. For the finest lattice, we
used five quark sources for the two kappa values closest to bottomonium and charmonium

2

Data good enough for reliable 𝑎→0 extrapolation  
and 𝑡→0 extrapolation !
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Correlators under gradient flow

✤ Flow destroys the signal at small distances
✤ Large distance parts are not affected
✤ Flow reduces the error of data
✤ Perturbative flow time range is applicable on the lattice

[S. Caron-Huot & M. Laine & G.D. Moore]

Color-electric correlation functions under gradient flow Hai-Tao Shu

before the correlation function is strongly affected by the flow. In the following discussions we
will use the definition of the rescaled dimensionless flow radius rFT =

p
8tFT and flow time

tFT 2. Putting the above conditions together we obtain

1
Nt

. rFT . tT
3

. (1.6)

The main idea of the flow technique is to smear the fields along an additional dimension tF .
The high-precision data for the correlator that is obtained at positive flow time has to be extrapolated
to the continuum limit first and has to be extrapolated to zero flow time afterwards in order to go
back to the original 4D spacetime. The flow time condition from above has to be respected for the
tF ! 0 extrapolation. In the next section we present the details of our calculations on the lattice.

2. Lattice Setup

b a[fm](a�1[GeV]) Ns Nt T/Tc #confs.

6.8736 0.026 (7.496) 64 16 1.5 10000
7.0350 0.022 (9.119) 80 20 1.5 10000
7.1920 0.018 (11.19) 96 24 1.5 10000
7.3940 0.014 (14.21) 120 30 1.5 10000

Table 1: b values, lattice spacings, lattice sizes and number of configurations measured in this work.

We summarize the lattice setup of this work in table 1. The lattice spacing a is determined by
Sommer parameter r0 [12], where we use a parameterization from [12] with updated coefficients
from [13]. For each lattice we flow to 10 discrete flow times in the range of rFT 2 [0,0.1] using an
adaptive step-size Runge-Kutta algorithm. We then measure the correlator on 10,000 configurations
for each lattice. With such large statistics we found that on the finest lattice, the relative statistical
error of the correlation function at the middle point at flow radius rFT = 0.05 reaches ⇠1.5%. The
statistical errors are even smaller for smaller tT or larger flow time. This allows us to perform
reasonably accurate extrapolations.

3. Results

We normalize the measurements of the lattice correlator with [9]

Gnorm(tT ) = p2T 4


cos2(ptT )
sin4(ptT )

+
1

3sin2(ptT )

�
, (3.1)

which helps to visualize the details of the correlator. Additionally, we correct the correlation dis-
tances tT by employing tree-level improvement according to [12, 14].

Figure 1 (left) shows the correlator at various fixed flow radii rFT as a function of distance
tT . Here one can see that the larger the distance, the longer it takes for the flow to produce a
reasonable signal. However, for the smallest distances the correlator quickly drifts towards zero,
which suggests that the relevant fluctuations in which the actual physics lie in are destroyed imme-
diately by the flow. For all tT the statistical errors are improved a lot, for instance from rFT = 0
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Continuum extrapolation

✤ Less 𝜏𝑇 available for larger 𝑡
✤ Flow removes the lattice effects
✤ Reliable and precise continuum can 

be achieved with ansatz: 
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Flow time extrapolation
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✤ Linear 𝑡→0 extrapolation after 𝑎→0 extrapolation 
✤ An overall shift between correlators from GF and ML
✤ Non-pert. renormalization (GF) v.s. pert. renormalization (ML)

[A. Francis et al. PRD92 (2015)116003] 
[C. Christensen, M. Laine, 1601.01573] 
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Spectral function reconstruction
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✤ Chi-square fitting with theoretically motivated models
✤ Interpolation between different regimes is needed
✤ Good agreement with data for different models
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HQ momentum diffusion coefficient
[A. Francis et al. PRD92 (2015)116003]
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Conclusion & Outlook 
‣ pQCD-inspired models could well describe our lattice data at physical 𝐽/𝜓 and 𝛶 mass 

➙ For charmonium no resonance peak is needed even at 1.1𝑇𝐶  
➙ For bottomonium the resonance peak persists to 1.5𝑇𝐶 

‣ 𝜅 has been extracted from the non-perturbatively renormalized color-electric 
correlators and is consistent with other lattice studies

✴  Extend to full QCD using large and fine 2+1-flavor HISQ lattices 
✴  Include the 𝛰(𝛵 /𝛭) corrections to 𝜅 from color-magnetic correlators
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[A. Bouttefeux, M. Laine, 2010.07316]
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In full QCD physics is more complicated:
➙ pQCD-inspired models may be not applicable 
➙ flow of quark fields?

…but closer to the reality!  

All results in this talk are in the continuum limit but quenched approximation!



Thanks!


