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Chiral Perturbation Theory
• In the chiral limit, the QCD 

Lagrangian has an SU(2)LxSU(2)R
flavor symmetry

• The ground state breaks the 
symmetry down to the SU(2)L+R, 
resulting in three pion degrees of 
freedom

• Since ChPT is an effective field 
theory, the observables are 
model-independent 
� The systematic corrections for 

observable (p𝜒) is small if

Dµ⌃ = @µ⌃+ i [µI�µ0 + qAµ,⌃]
<latexit sha1_base64="6kNQqMwO8sceqrNo74kOwfeGYZs="></latexit>

L�PT =
f2
⇡

4
Tr(Dµ⌃Dµ⌃

†) +
m2

⇡f
2
⇡

2
Tr(⌃+ ⌃†) .

<latexit sha1_base64="3/uSW91AefX9IgZcaHyEJmGJ0as="></latexit>

⌃ = exp

✓
i
�

f⇡

◆

<latexit sha1_base64="sYO8KFtM5gncISuMRmTjAIR2bUo="></latexit><latexit sha1_base64="sYO8KFtM5gncISuMRmTjAIR2bUo="></latexit><latexit sha1_base64="sYO8KFtM5gncISuMRmTjAIR2bUo="></latexit><latexit sha1_base64="sYO8KFtM5gncISuMRmTjAIR2bUo="></latexit>

� = �i⌧i =

✓
⇡0

p
2⇡+p

2⇡� �⇡0

◆
,

<latexit sha1_base64="9f4H/vaDR6AfO4UZRc2u7pajn50="></latexit><latexit sha1_base64="9f4H/vaDR6AfO4UZRc2u7pajn50="></latexit><latexit sha1_base64="9f4H/vaDR6AfO4UZRc2u7pajn50="></latexit><latexit sha1_base64="9f4H/vaDR6AfO4UZRc2u7pajn50="></latexit>

<latexit sha1_base64="as5Eq+KglG85YxoS9909/IuFnRI=">AAACC3icbVDLSsNAFL3xWesr6tLN0CK4KolUdFlw47KCfUATwmQ6aYdOkmFmIpSQvRt/xY0LRdz6A+78G6dtFtp6YODcc+7lzj2h4Expx/m21tY3Nre2KzvV3b39g0P76Lir0kwS2iEpT2U/xIpyltCOZprTvpAUxyGnvXByM/N7D1Qqlib3eiqoH+NRwiJGsDZSYNe8SGKSiyD3yJgVRd70BEORKYWpPM6RG9h1p+HMgVaJW5I6lGgH9pc3TEkW00QTjpUauI7Qfo6lZoTToupligpMJnhEB4YmOKbKz+e3FOjMKEMUpdK8RKO5+nsix7FS0zg0nTHWY7XszcT/vEGmo2s/Z4nINE3IYlGUcaRTNAsGDZmkRPOpIZhIZv6KyBibcLSJr2pCcJdPXiXdi4Z72XDumvVWs4yjAqdQg3Nw4QpacAtt6ACBR3iGV3iznqwX6936WLSuWeXMCfyB9fkDZB+bNA==</latexit> p�
4⇡f⇡

⌧ 1



ChPT at next-to-leading-order
Isospin Density Equation of State

PA, Andersen and Kneschke, Eur. J. Phys. C 79, 874 (2019)
Brandt, et. al. Phys. Rev. D 98, 094510 (2018)
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ChPT in a magnetic field
• The isospin chemical potential is 

tuned to a value larger than the 
pion mass before the uniform 
magnetic field is turned on.

• In the thermodynamic limit, 
electrostatic forces between pions 
dominate the strong force

• In our analysis, we ignore the 
electrostatic energy associated 
with the condensed pions.
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ChPT in a magnetic field
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ChPT in a magnetic field
• Chiral perturbation theory 

exhibits both type-I and type-II 
superconductivity

• Superconductivity is type-II if
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ChPT in a magnetic field
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Magnetic Vortex 
Condensation Energy
• We use the method of successive 

approximations.

• The condensation energy of the 
vortex lattice is

• The Hamiltonian density 
assuming neutral pions do not 
condense 
� We revisit this assumption later

• The problem is different than the 
standard Abelian Higgs Model or 
Ginzburg-Landau Theory
� Derivative Interactions
� Neutral Pion Degrees of Freedom
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Method of Successive 
Approximation
• In the method of successive 

approximation, the power 
counting scheme is

• The full equations of motion are
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Method of Successive 
Approximation
• In the method of successive 

approximation, the power 
counting scheme is

• The leading order equation of 
motion for the charged pion is

• The sub-leading order equation of 
motion for B

• The sub-leading order equation of 
motion for the charged pion gives
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Condensation Energy
• In the final step, we convert 

derivative interactions into non-
derivative ones using the eom

• Then we have the average 
Hamiltonian density, which can 
be minimized to get the final 
expression for the condensation 
energy

• Abrikosov ratio determines the 
lattice structure

PA, Physics Letters B 790, 211 (2019)
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Vortex Lattice Solution
• The Abrikosov parameter that 

minimizes the condensation 
energy requires a triangular 
(hexagonal) lattice

• The lattice vectors are 
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Condensation Energy 
and Vortex Lattice
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µI = m⇡, 1.25m⇡, 1.50m⇡
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Neutral Pion Fluctuations
• Consider fluctuations of the 

neutral pions around the vortex 
lattice solutions

• The linearized “Schrodinger” 
equation is

• The dispersion relation is

• The potential is positive definite
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⇡0(t, ~x) =
X

n

eiEnt⇡̃0(~x)
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◆
⇡̃0(~x) = E2

n⇡̃0
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E2
0 = p2z +m2

⇡ + �

S. Coleman, Aspects of Symmetry: Selected Erice Lectures (1985)
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Summary
• Neutral pion condensation

isn’t ruled out away from the 
phase transition lines

• Pions at finite isospin chemical 
potential (in QCD) behave as type-
II superconductors for physical 
parameters
� This result is model-independent

• The vortex lattice is triangular 
(hexagonal) and the condensation 
energy is negative near the upper
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Summary
• Lattice QCD observes a 

diamagnetic phase and a different 
phase diagram

• Pions condense when the chemical 
potential is equal to the magnetic 
mass of the charged pion, not the 
zero field mass

• “Ordering of limits” is different: 
in our calculation, chemical 
potential is first increased to go 
into the superfluid phase and then 
the external magnetic field is 
turned on

Endrodi, Phys. Rev. D 90, 094501 (2014)


