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Today’s menu

• What are we talking about


• How can we study it 


• What do (simple) models tell us 



Motivation: dense QCD

• Compact stars 
 
 

• Heavy ion collisions  
(RHIC BES, FAIR, NICA.. ) 
and the search for a Critical Point



The QCD phase diagram 
people have in mind



But if you think about it, 
 it should be more like

?



(some) inhomogeneous phases in 
strong interaction matter

Pion condensation Toy models (Gross-Neveu)…

Color-superconductivity Quarkyonic matter 

And more: Chiral soliton lattice, ….  



Inhomogeneous chiral 
condensates

Instead of the standard particle-antiparticle condensate… 
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Inhomogeneous chiral 
condensates

     …particle-hole pairing at the Fermi surface 
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• Can occur at finite density: could be relevant at 
intermediate densities, close to the chiral phase transition 




A concrete setup: NJL model

• Simple model (4-fermion interaction) 
with relevant features for a (more or less realistic) 
description of dense QCD  
(symmetries, dynamical mass generation/XSB…)


• Non-renormalizable,  
simplifying assumptions to make things tractable (MFA..)


• A good starting point to investigate qualitative features 
and as input for more refined calculations



Mean-field approximation
• Typical assumption: mean-field approximation 


• A constant mean-field chiral condensate acts                          
as constituent quark mass:

( ̄ ) ⇡ h ̄ i

Mq = m� 2Gh ̄ i

• Neglecting fluctuations, it is possible to obtain the free energy 
of the system as a trace over the inverse quark propagator:

⌦ ⇠ T

V
Tr log

✓
S�1(Mq)

T

◆



Inhomogeneous chiral 
condensates in NJL

h ̄ i = S(x) h ̄i�5⌧a i = Pa(x)

• Allow for a spatially modulated chiral condensate 


    (we can also build 

• Diagonalize the mean-field quark Hamiltonian  
in momentum space


M(x) = �2G(S(x) + iP3(x)) (Chiral lim
it)



Inhomogeneous chiral 
condensates in NJL

• Then, minimize the thermodynamic potential 


 with respect to the mass function M(x) 


• Not so easy for an arbitrary M(x) ! 


• To make the problem tractable, assume specific ansatz for 
the functional form of M 




Chiral density wave
• Simplest ansatz: 1D plane wave (FF-type): 


• Analytical expression known for the eigenvalue spectrum


• Order parameters: amplitude     , wave number 


• Minimizing free energy                                                     
varying chemical potential 
(T=0)

M(x) = �eiqz

� q
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Special feature: 

constant density! 



LOFF-type modulations
• Second-simplest one: 1D cosine (“LOFF”)


• Numerical diagonalization in momentum space required: 
Computationally intensive, but still doable on my laptop


• Qualitatively similar behavior to the CDW for the order parameters

M(x) = � cos(qz)
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Real-kink crystal
• A more generic one-dimensional structure 

expressed in terms of Jacobi elliptic functions: 
 

• Parameters: 
� , ⌫
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Two-dimensional 
modulations

• Different lattice structures 
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• Still numerically doable (on a cluster)


• Qualitatively similar results to 1D mods for order parameters 




Free energy comparison
• What is the favored phase in the inhomogeneous window?  

compare free energies for different modulations at T=0 



Free energy comparison
• What is the favored phase in the inhomogeneous window?  

compare free energies for different modulations at T=0. 
For 1D modulations…
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Free energy comparison
• What is the favored phase in the inhomogeneous window?  

compare free energies for different modulations at T=0. 
Including also 2D modulations..
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NJL phase diagram 
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• Allowing for inhomogeneous phases, we go  
         from this…

1st-order PT

Critical 
point



NJL phase diagram 
• Allowing for inhomogeneous phases, we go  

                             …to this 
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• So far: results tied to specific Ansätze for M(x)


• Many of them requiring brute-force numerical 
diagonalizations in momentum space


• Is this the only way?



Ginzburg-Landau analysis

• Systematic expansion of the free energy  
in terms of the order parameter and its gradients


• Reliable if amplitudes and gradients are small 
 
       -> close to the Critical/Lifshitz point 



Ginzburg-Landau analysis

H.Abuki, D.Ishibashi, K.Suzuki, Phys.Rev.D85:074002,2012
D.Nickel, Phys.Rev.Lett.103:072301,2009



Ginzburg-Landau analysis

Restored + 



Ginzburg-Landau analysis

Restored + “homogeneous” + 



Ginzburg-Landau analysis

Restored + “homogeneous” + gradient terms

• In principle straightforward: for each order add all possible 
independent terms (considering gradients are of the same 
order as M)



Ginzburg-Landau analysis

• GL coefficients    
are independent from the shape of the modulation 

↵n(T, µ)

-> can be computed relatively easily  
    in a chirally restored background! 



Ginzburg-Landau analysis

• GL coefficients    
are independent from the shape of the modulation 

↵n(T, µ)

-> can be computed relatively easily  
    in a chirally restored background! 

• But: calculating the relative prefactors between terms of 
the same order is an extremely tedious task..



Ginzburg-Landau analysis

Critical/Lifshitz point 
coincide 

and are located at  
the point where

↵2(T, µ) = ↵4(T, µ) = 0
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Already non-trivial result at lowest order:



Improved Ginzburg-Landau
• Can we do better ?  

Recall the typical behavior  
of the order parameters 
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(eg. CDW, cosine..)



Improved Ginzburg-Landau
• Can we do better ?  

Recall the typical behavior  
of the order parameters 
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Improved Ginzburg-Landau
• Can we do better ?  

Recall the typical behavior  
of the order parameters 
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Improved Ginzburg-Landau
• Can we do better ?  

Recall the typical behavior  
of the order parameters 
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Improved Ginzburg-Landau



Improved Ginzburg-Landau

straightforward to compute

easy to compute from the CDW free energy, 
which is known analytically

SC, F. Anzuini, M. Mannarelli and O. Benhar,  
Phys. Rev. D 97, 036009 (2018)

⇠ q2n�2
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terms



Does it work ? 
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T=0 

Minimizing the IGL potential at T=0… 



Does it work ? 

T=0 
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Does it work ? 

T=0 

��

���

����

����

����

����

����

����

���� ���� ���� ���� ���� ����

�
	�


��
�

�
�

������

���
��
��
����



Does it work ? 

T=0 !!! 
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Stability analysis

Look for where the correlation functions in 
 either condensation channel changes sign

Similar spirit to the (I)GL analysis: expand the free energy 
and look at the second-order piece 

Can be used to determine 

the phase boundary 


inhomogeneous-restored



Model extensions and 
inhomogeneous phases

• Two flavor quark matter


• Scalar-pseudoscalar interaction channel only


• Chiral limit

So far: simplest NJL model

Can we extend the model for a more realistic  
description of dense quark matter?



Model extensions and 
inhomogeneous phases

• Coupling with Polyakov loop (PNJL)


• Magnetic fields


• Interplay with color-superconductivity


• Isospin-asymmetric matter

Some extensions I won’t discuss much:



Vector interactions
Repulsive vector interaction channel:



Vector interactions

Mean-field: density-dependent shift of the chemical potential

Repulsive vector interaction channel:



Vector interactions

Mean-field: density-dependent shift of the chemical potential
For inhomogeneous phases: spatially dependent!

Technically challenging! 

As first approximation consider constant density: 

n(x) ! n̄ = hn(x)ix
<latexit sha1_base64="v9gbCFGvfgddJBf+BjJnUDh5f5Y="></latexit>

Repulsive vector interaction channel:



Vector interactions
Constant density approximation: 

 the inhomogeneous phase enlarges dramatically! 

CP falls below the LP and disappears  
inside the inhomogeneous phase



Vector interactions
Going beyond constant density approximation: 

vector interactions could alter hierarchy of favored spatial modulations 
according to their density profile 

->  is the RKC still favored over a CDW?



Vector interactions
Going beyond constant density approximation: 

vector interactions could alter hierarchy of favored spatial modulations 
according to their density profile 

->  is the RKC still favored over a CDW?

Gv=Gs/5 Gv=Gs/2
SC, M.Schramm and M.Buballa, Phys. Rev. D 98, 014033 (2018) 

Close to LP: GL analysis…



Vector interactions
Going beyond constant density approximation: 

vector interactions could alter hierarchy of favored spatial modulations 
according to their density profile 

->  is the RKC still favored over a CDW?

SC, M.Schramm and M.Buballa, Phys. Rev. D 98, 014033 (2018) 

…or numerically at T=0



Going away from the chiral limit
Less straightforward: in the restored phase M = M0 6= 0
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Issues of self-consistency with some solutions (eg. CDW)

M.Buballa and SC, Phys. Lett. B791, 361 (2019)

-> Work again within a modulation-agnostic GL approach: 
                 expand around



Going away from the chiral limit
Less straightforward: in the restored phase M = M0 6= 0
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Issues of self-consistency with some solutions (eg. CDW)

M.Buballa and SC, Phys. Lett. B791, 361 (2019)

-> Work again within a modulation-agnostic GL approach: 
                 expand around

CP and LP split?



Going away from the chiral limit
Less straightforward: in the restored phase M = M0 6= 0
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Issues of self-consistency with some solutions (eg. CDW)

M.Buballa and SC, Phys. Lett. B791, 361 (2019)

-> Work again within a modulation-agnostic GL approach: 
                 expand around

CP and LP split? No! 



Three-flavor quark matter
Add strange quarks with KMT interaction

Again modulation-agnostic GL expansion:

SC and M.Buballa, Phys. Rev. D 101, 014026 (2020) 



Three-flavor quark matter
CP and LP split! 

For a reasonable parameter set, LP above CP 

SC and M.Buballa, Phys. Rev. D 101, 014026 (2020) 



Varying the current strange 
quark mass
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CP moves to the T axis 
 

LP doesn’t follow! 

SC and M.Buballa, Phys. Rev. D 101, 014026 (2020) 



Some other things I didn’t talk 
about

• Details on the model regularization


• Inhomogeneous ``continents”


• Consequences for compact stars phenomenology


• Fluctuations



Inhomogeneous phases in the 
Quark-meson model



Inhomogeneous phases in the 
Quark-meson model

Formally quite similar to the NJL model in MFA

However, renormalizable!  
 

A better starting point to study the role of fluctuations



The role of quark vacuum 
fluctuations

• Until few years ago typically discarded 
• As a consequence, unrealistic phase structure  

already for homogeneous phases (no CP)
For inhomogeneous phases:

Inhomogeneous at              ?! 
Not very likely…

µ = 0
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What happens if we include  
vacuum quark fluctuations?



The role of quark vacuum 
fluctuations

Including quark fluctuations requires special care in defining 
vacuum parameters to fit to physical quantities

Inconsistent definitions lead to inconsistent phenomenology, 
especially (but not only) when dealing with inhomogeneous phases!

Fit to pole masses and renormalized decay constants

(instead of the commonly used 
 curvature masses - bare decay constant)

SC, M. Buballa and B-J. Schaefer,  Phys.Rev. D90 (2014) 014033
SC, M. Buballa and W. Elkamhawy,  Phys.Rev. D94 (2016) 034023



The role of quark vacuum 
fluctuations

⇤ = 600MeV
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⇤ ! 1
<latexit sha1_base64="srY8PJmO9Xq4LlvjN5/qj9LI4Lw=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUmqoMuiGxcuKtgHNKFMJpN26GQSZiZiCf0VNy4UceuPuPNvnLZZaOuBgcM55zL3niDlTGnH+bZKa+sbm1vl7crO7t7+gX1Y7agkk4S2ScIT2QuwopwJ2tZMc9pLJcVxwGk3GN/M/O4jlYol4kFPUurHeChYxAjWRhrYVe/OhEOMPJ0gj4lITwZ2zak7c6BV4hakBgVaA/vLCxOSxVRowrFSfddJtZ9jqRnhdFrxMkVTTMZ4SPuGChxT5efz3afo1CghihJpntBorv6eyHGs1CQOTDLGeqSWvZn4n9fPdHTl50ykmaaCLD6KMo7MnbMiUMgkJZpPDMFEMrMrIiMsMdGmroopwV0+eZV0GnX3vN64v6g1r4s6ynAMJ3AGLlxCE26hBW0g8ATP8Apv1tR6sd6tj0W0ZBUzR/AH1ucPYm2UBQ==</latexit>⇤ = 0

<latexit sha1_base64="N8jPUdT9qejq+enEwHjCPeRLyCs=">AAAB83icbVDLSgMxFL3xWeur6tJNsAiuykwVdCMU3bhwUcE+oDOUTCbThmYyQ5IRytDfcONCEbf+jDv/xrSdhbYeCBzOOZd7c4JUcG0c5xutrK6tb2yWtsrbO7t7+5WDw7ZOMkVZiyYiUd2AaCa4ZC3DjWDdVDESB4J1gtHt1O88MaV5Ih/NOGV+TAaSR5wSYyXPu7fRkOBr7OB+perUnBnwMnELUoUCzX7lywsTmsVMGiqI1j3XSY2fE2U4FWxS9jLNUkJHZMB6lkoSM+3ns5sn+NQqIY4SZZ80eKb+nshJrPU4DmwyJmaoF72p+J/Xy0x05edcpplhks4XRZnAJsHTAnDIFaNGjC0hVHF7K6ZDogg1tqayLcFd/PIyaddr7nmt/nBRbdwUdZTgGE7gDFy4hAbcQRNaQCGFZ3iFN5ShF/SOPubRFVTMHMEfoM8fC0GQYA==</latexit>

SC, M. Buballa and B-J. Schaefer,  Phys.Rev. D90 (2014) 014033

Including fluctuations (“extended” mean-field approximation )

CP=LP  if m� = 2Mvac
<latexit sha1_base64="7DEFWzl+NqnwC4TnMP2R9pqcmDc=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJWkCnoRil68CBXsB7QhTLbbduluEnY3hRIK/hUvHhTx6u/w5r9x0+agrQ8GHu/NMDMviDlT2nG+rcLK6tr6RnGztLW9s7tn7x80VZRIQhsk4pFsB6AoZyFtaKY5bceSggg4bQWj28xvjalULAof9SSmnoBByPqMgDaSbx8Jv6vYQAC+xlV876djINOSb5edijMDXiZuTsooR923v7q9iCSChppwUKrjOrH2UpCaEU6npW6iaAxkBAPaMTQEQZWXzs6f4lOj9HA/kqZCjWfq74kUhFITEZhOAXqoFr1M/M/rJLp/5aUsjBNNQzJf1E841hHOssA9JinRfGIIEMnMrZgMQQLRJrEsBHfx5WXSrFbc80r14aJcu8njKKJjdILOkIsuUQ3doTpqIIJS9Ixe0Zv1ZL1Y79bHvLVg5TOH6A+szx9aN5Rx</latexit>



Sigma mass influence

Renormalized limit,               550,590,610,650 MeV m� =
<latexit sha1_base64="P5VSe+e9JF/8i8sE8yM4+9rq9Jo=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBE8ld0q6EUoevFYwX5Iu5Rsmm1Dk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh08SppqxBYxHrdkgME1yxhuVWsHaiGZGhYK1wdDv1W09MGx6rBztOWCDJQPGIU2Kd9Ch7XcMHklz3SmWv4s2Al4mfkzLkqPdKX91+TFPJlKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FFJDNBNjt4gk+d0sdRrF0pi2fq74mMSGPGMnSdktihWfSm4n9eJ7XRVZBxlaSWKTpfFKUC2xhPv8d9rhm1YuwIoZq7WzEdEk2odRkVXQj+4svLpFmt+OeV6v1FuXaTx1GAYziBM/DhEmpwB3VoAAUJz/AKb0ijF/SOPuatKyifOYI/QJ8/pq2QTg==</latexit>

(M_vac = 300 MeV)

SC, M. Buballa and B-J. Schaefer,  Phys.Rev. D90 (2014) 014033



QM away from chiral limit
Include explicit chiral symmetry breaking piece:

Does the inhomogeneous phase survive? 

J. Andersen and P. Kneschke,  Phys. Rev. D 97, 076005 (2018) 

CDW disfavored for physical pion mass! 



QM away from chiral limit

Stability analysis:  
splitting of  

scalar-pseudoscalar instability lines

Instability in the scalar channel 
 survives at physical pion mass!

Include explicit chiral symmetry breaking piece:

M. Buballa, SC and L. Kurth, arXiv:2006.02133 , EPJ ST to appear



Massive QM
Explicit calculation with RKC ansatz: 

Inhomogeneous phase persists

in the renormalized limit 

at physical pion mass

M. Buballa, SC and L. Kurth, arXiv:2006.02133 , EPJ ST to appear



One might wonder…
Could inhomogeneous phases be a model “artifact”  

appearing in simplified quark models?

They appear also  
in Dyson-Schwinger studies 

FRG approaches also seem to hint at their existence! 
W.Fu, J.Pawlowski, F.Rennecke, Phys.Rev.D 101 (2020) 5, 054032




The QCD phase diagram 
people have in mind



Crystal?

(            ) 

+CSC?

The QCD phase diagram 
people should have in mind

Reviews: M.Buballa and SC,  
Prog.Part.Nucl.Phys. 81 (2015) 39 - arXiv:1406.1367 

Eur.Phys.J. A52 (2016) 57 - arXiv:1508.04361 





• If the chiral condensate is spatially modulated, the density 
of the system becomes inhomogeneous as well 


• For the real kink crystal


Condensate and density
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SC, D,Nickel and M.Buballa, Phys.Rev. D82 (2010) 054009 
M.Buballa and SC, Phys.Rev. D87 (2013) no.5, 054004 



Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal


 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  5  10  15  20  25  30  35  40

z (fm)

-300

-200

-100

 0

 100

 200

 300

 0  5  10  15  20  25  30  35  40

z (fm)

n(z) ⇠ h † iM(z) ⇠ h ̄ i

M
eV

n/
n(
re
st
or
ed

)

µ ⇠ 309MeV
<latexit sha1_base64="ITe5HXWiQNxQ9yiMgYF7lNvAeFA=">AAAB+XicbVBNSwMxEM36WevXqkcvwSJ4KrutoN6KXrwIFewHdJeSTadtaJJdkmyhLP0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXpRwpo3nfTtr6xubW9uFneLu3v7BoXt03NRxqig0aMxj1Y6IBs4kNAwzHNqJAiIiDq1odDfzW2NQmsXyyUwSCAUZSNZnlBgrdV03ECkONBO46t3gB2h23ZJX9ubAq8TPSQnlqHfdr6AX01SANJQTrTu+l5gwI8owymFaDFINCaEjMoCOpZII0GE2v3yKz63Sw/1Y2ZIGz9XfExkRWk9EZDsFMUO97M3E/7xOavrXYcZkkhqQdLGon3JsYjyLAfeYAmr4xBJCFbO3YjokilBjwyraEPzll1dJs1L2q+XK42WpdpvHUUCn6AxdIB9doRq6R3XUQBSN0TN6RW9O5rw4787HonXNyWdO0B84nz9p9pI2</latexit>



Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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Condensate and density
• If the chiral condensate is spatially modulated, the density 

of the system becomes inhomogeneous as well 


• For the real kink crystal
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